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Learning outcomes

By the end of this unit, the student should be able to :

* Recognize the concept of the matrix and its
order.

* Model some real life problems using the matrices.

* Recognize some special matrices.

* Recognize the equality of two matrices.

* Find the transpose of a matrix.

* Multiply a real number by a matrix.

* Recognize the concept of symmetric matrix
and skew symmetric matrix.

* Carry out the operations of addition ,
subtraction and multiplication on matrices.

* Recognize the properties of addition and
multiplication of the matrices.

Brief History

= The British scientist J.J. Sylvester was the first to use the expression “matrix”.

* The British scientist Cayley was the first to use the matrices, and he is a
mathematical scientist and has a lot of searches especially in algebra which

included the theorem of matrix.

* Matrix is commonly used in modern times. and it includes many
branches of science and knowledge. we use it in statistics and

economics, saciology. psychology and so on. Further more.
matrices have an important role in mathematics especially in

the branch of linear algebra.

* Use matrices in other domains.

* Recognize the determinant of a matrix of
order2 x2and 3 x3

* Find the value of the determinant of order 2 x 2
and 3 x3

* Find the surface area of the triangle using the
determinants.

« Solve a system of linear equations using
Cramar’s rule.

+ Find the inverse of the square matrix of
order 2 x 2

* Solve two simultaneous equations using the
inverse of a matrix.

J.J. Sylvester
(1814 - 1897)

Arthur Cayley
(1821 - 18495)



Organizing data in matrices

Nustrated example

s A pizzeria sells four kinds of pizzas : (Vegetarian - Chicken -
Beef - Cheese) and serves for each kind three different sizes
: (small - medium - large)

» To remember these data and compare between them casily »

the shop owner arranged the average of the number of sold
picces daily in the following table :

: ~ Size _
Small - Medium Large
Vegetarian 15 | 13 9
s Chicken | 16 18 12
Z Beef 3 10 | 8
Cheese 18 1 20 17

 Each number in this table has a certain meaning » for example » the number 10 refers
to the number of sold pieces of beef with medium size and the number 12 refers to the
number of sold pieces of chicken with large size and so on.

» For we know that the numbers of the first row refer to the average of sold picces of
vegetarian daily with the sizes : (small - medium - large) respectively » similarly »
the numbers of the second row for chicken » the numbers of the third row for beef and the
numbers of the fourth row for cheese respectively » then we don't need the previous table »
and we are satisfied to write the data in a simple form by writing only the contained
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numbers in the table in the same order inside two large parentheses as ( )
15 13 9
; ; 116 18 12
Then we write the daily averages for the sales of the shop = 13 10 g

18 20 17

e This form is called a matrix and the numbers contained inside the two parentheses are
called the elements of the matrix.

e This matrix is formed from four rows
.3rd

and three columns as in the opposite 1% column 2% column column

figure » so we say that it is a matrix _ ¢ J' Jr .

of order 4 x 3 or simply "a 4 x 3 matrix" 5 13 & 1“‘dr0w

and we notice that we mention the 0 15 " 2: =,

number of rows firstly » then the 13 W oF e
18 20 17 [ «—4% row

number of columns.

—_—
Remark

The owner of the shop can organize his previous data in another table as the following table :

| Kid
Vegetarian  Chicken = Beef | Cheese
Small 15 16 13 5 18
t  lerge | 9 | 12 | 8 | 17 "

e P " —— —r————

Similarly s we don't need the previous table and we are satisfied with writing the numbers
inside a matrix » then the daily averages for the sales of the

I3 16 13 18
shop=| 13 {8 10 20 |and it is a matrix of order 3 x 4

9 12 8 17

¥ IO st ) (A - ol olal) palzpll 9
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From the previous s we can define the matrix as follows :

Definition of the matrix

» The matrix is an arrangement of a number of elements (variables or numbers) in
rows and columns enclosed by two parentheses as () s such that the position of each
element in the matrix has a meaning.

e If the number of rows is m and the number of columns is n » then the form of the
matrix is m x n or of type m x n (it is read as m by n) where m and n are positive integers.

» The number of the elements of the matrix = number of rows x number of columns
=mXxn

‘ Expressing an element inside a matrix

e Capital letters are used to name the matrix or to symbolize itas :A>B »C s X 5Y » ...
» but small letters are used to name the elements of the matrix as:a sb sc s X sy 5 ...

o If we want to express an element inside the matrix A that lies in the i™ row and the j™
column s then we can express it by the form : ay

For example :
The element a,, lies in the 2" row and the 3™ column (it is read as : a two three)

The element a,, lies in the 3" row and the 2™ column (it is read as : a three two)

I Examplo 1)

1
A= 2| B=( 4 S)andC=
sl g

1

1 Write the order of each of A s B and C

2 Write the following elements : a,, sb,; 58,5 sby; 3¢5, 5Cy5

 Solution
1 Ais a matrix of order 2 x 3 s B is a matrix of order 2 x 2 and C is a matrix of order 3 x 3
2 4,,=6 5 by =—1 5 a,;=-4 » bj,=5 s ¢c3,= é > Cypy=—2
( TRY TO SOLVE
§ =2
If the matrix X =| 4 1
-7 0,
1 Write the order of the matrix X. 2 Write the following elements X5, s X,, » X, l



Remark

If A is a matrix of order m x n s then we can express it by the form :

A= (aij) where :

i=1-2535..om and J=11233,..90

In our study » the cases in which 1 <m <3 and 1 <n < 3 will be sufficient.

o8 ——

I Example| 2 1

Write the matrix (a;;) of order 3 x 2 where a;; = 2i -

— Solution
*.' The matrix of order 3 x 2
?‘11 a9
LA =] Ay Ay
Gy 4y

a,=2x1-1=193a,=2x1-2=0 8, =2x2-1=3,
|
3

k Some special matrices

EJ The row matrix |
[ It is a matrix that consists of one row and any number of columns.

For example :

A=(2 3 —l)isarowmatrixofordcrl x3

3 he column matrix |

L It is a matrix that consists of one column and any number of rows.

For example :

X =( I )is a column matrix of order 2 x 1

ﬂ The square matrixj

L It is a matrix in which the number of rows = the number of columns.

| Lesson One
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For example :

A:(VE2 z)isasquarematrixofordeIZXZ

ﬂ The zero matrix :

{ It is a matrix whose all elements are zeroes. We denote it by O__ and can be of any order.

For example :

=(0 O)isazcroman'ixofordeIZXZ
2x2 0

0

0
’03x1=( 0 )isaz.emmatrixofordcr3><l
i 0

B The diagonal matrix }

It is a square matrix in which all elements are zeroes except the elements of its main
diagonal » then at least one of them is not equal to zero. (Where the main diagonal that
contains the elements a;; »a,, » 433 5 ...)

For example :

3 0 0
Y=|0 -2 0 )is a diagonal matrix of order 3 x 3
0 0 - ¥

sR = ( g g ) is a diagonal matrix of order 2 x 2

ﬂ The unit matrix }
L It is a diagonal matrix in which each element on the main diagonal is the number 1 »

and it is denoted by I

For example : 1= ( (l) [l) )is a unit matrix of order 2 x 2
1 0 0
I={ o 1 0 |1s a unit matrix of order 3 x 3
0 0 1



1\, The equality of two matrices

( The two matrices A and B are said to be equal if and only if » they have the same order
| and their corresponding elements are equal.

{ ie. a; = b;; for each i and j

41 8 2\ J1 B -8
Foreammple.(z g —1)_(% - _])

while ( i § ) vt( § ; )because the corresponding elements are different.

1 : ) # ( : ]l ) because they don’t have the same order.

B Example| 3 3

Find the value of each of X 5y and z if( : & 2 ) :

(—1 0 x+5)

+ 9 4 2y-3 5
 Solution
" The two matrices are equal. sz=-=1
'y X+5=2 S X=-3 s2y-3=7 ny=5

( TRY TO SOLVE

5 ol
Find the value of each of X and y if (x _ ) =( 8 2 )
3 2y-9

"\, Multiplying a real number by a matrix

If A is a matrix of order m x n s then the product of any real number k by the matrix A
1s the matrix C =k A of the same order m x n » and each element of the elements of
the matrix C equals the corresponding element to it in the matrix A multiplied by the
real number k

le.| c;=ka;>wherei=1,25.. smandj=1525..5n

i.e. | Multiplying a real number by a matrix means multiplying each element of the
elements of the matrix by that real number, and does not change the order of
the matrix.

13

| Lesson One



[—l Unit

For example :

IfA=(6 % 3)athen:
2 4 0.
Gx2 -2x2 3Ix2 ' - s =
_2A=( X x X )=(12 4 6) ._3A=( 18 6 9)
Z¥%2 452 0Ox2 4 8 0 -6-12 0

From the previous > we deduce that it is possible to take a common factor among all
the elements of the matrix.

For enample:(4 ; 6):2(2 4 3)

2 0 -14 g 0 -7
X Example 4 B
lf( 10 "20)=-2(_5 5x),thenfim:lthewvalueof:s‘\bw
-8 16 4 -2y
—— Solution ,—————————
-.-(10 ‘20)=(1° ‘103‘) f-20=-10X . X=2
_8 16/ \-8 4y
3
»16=4y ny=4 Axy=Ys8=2
( TRY TO SOLVE

1 IfA=( ? —04)sthenfind:3As—As—5A

24 —8 6 2y
Q 1| 32 0)|=4|_2x 0 | s then find : Xy
12 -4 3 -1

k Matrix transpose

In any matrix A of order m x n » if we replace the rows by columns or the columns
by rows in the same order s then we will get a matrix of order n x m that is called the
transpose of the matrix A and we denote it by A'

—

ie.| IfA=(ay) thenA'= (ay)




For example : Notice that
z 3

™~

-IfA:( 0)isamatrixoforder2x3 (At)t=A

2

-1
3 5)isamatl'ixoforder3x2,(A')'=(
6

5theIlAt= ’ ; 0 )

0 -1 5 6

9
*IfB= ( =12 ) is a matrix of order 3 x 1 (column matrix)

4

athenBtz(Q -2 4)isamatrixoforderlXB(rowmatrix) s(B')tz

B Example|5 )

- o 1
IfA:(COtgg 5“23 ) " B=( E 213’),andA=B‘
cse 30° sin 30° Y
13 x ]

s then find the value of each of : X 5y

4

9
-2 =B

— Solution ’

s Bt=( c ﬁ

) ".'A=Bt

X
| y %

2
x:% -}

[ TRY TO SOLVE

2 o\
If(2 - ): & » then find :
o ® 8i%; o y

N\, Symmetric and skew symmetric matrices

If A is a square matrix s then : 1
* Ais called a symmetric matrix if and only if A= A"
L * A is called a skew symmetric matrix if and only if A =— A"

| Lesson One
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For example :

g =1 —§ 'S 1 =3
sIfA=[_1 4 o |sthenA'=|_1 4 o0
—3 0 5 -3 0 5
‘i.e.'l_.Aisasymmeuicmat:rix because A = A"
-
wly ¥
sl B=] 1
3 0
\ 4 -2
03 ' I
0 3 4 0 > 4
sthenB'=| _1 o _»p [=- -%- 0 2
-4 2 0 | .4 =2 0

-—_

i.e. L B is a skew symmetric matrix because B = — B'

diagonal » then a;; = a;

as in the opposite figure » where

ay =a,=dsray =a=€rap=ay=1
+ Any diagonal matrix is a symmetric matrix.

» The main diagonal

« The unit matrix is a symmetric matrix. (I' = I)
* The elements of the main diagonal in the skew symmetric matrix have the numeral zero
» and its elements satisfy the relation B = — 8y

as in the opposite figure.

» The main diagonal

wherea, =—aj,=-d » aj=-az=-e€ 5 ap=-au=-1f

I Example | 6 )

5 2X 8
1 ¥A=| -4 -3 6 )isasymmetric matrix » then find the values of : X 9y
X+2y 6 4




0 3% T
21B=| z4+43 0
| 3y-Xx © 0
» then find the values of : X sy 92
1 - Ais a symmetric matrix
S 2X=-4
'y X+2y=8
Sy=35
2 ' Bis a skew symmetric matrix
HzZ+43=-3X (1)

9—22 =-6
Substitutingin (1) : . 3+3=-3 X
Substituting in (2): . 3y+2=-7

( TRY TO SOLVE

Solution ,

_""\-\_

s )is a skew symmetric matrix

S X=—
S—-24+2y=8

23y-X=-7 (2)

S5
SoK=—2
Ly=-3

Complete the following :

1 HA:( 3
-2X
0 -8 5
ol L 0
-5 y—-X 0

Now

at all bookstores

UICL-MOASSEGR

in
* Mathematics
*Hello English

* Integrated Sciences

* French

) is a symmetric matrix » find the value of : X

Y O/YS 8N (8 - ol olsl,) palagll

12 |is a skew symmetric matrix » find the values of : X » y

17
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Adding and subtracting matrices

| First)\ Adding matices

If A and B are two matrices of the same order » then the addition operation is possible
| and the result of addition is a matrix of the same order and each of its elements is the
" sum of the two corresponding elements in A and B

5

For example :

%

1m=(2 l)andB=( 2),thenA+B=(
3 -2 2 3

I Example1)

2+5 l+2)=(7 3)
3+2 -2+3 Y )]

1 -2 -1 -2 |
IfA=|3 51 »B=| 5 1 andc:=(2 2 “I)
4 2 3 2 L
Find each of the following if it is possible : 1 2A + C' 2B+C
1 Solution ¥
1 -2 t
1 2A+C'=2(3 5)+(2 ¢ ‘1)
4 2 3 4 6,

2 3 4 -1
0 4|=|l6 14
LT ® 7 10

1 |
=[6 10|+
8 4

2 It is impossible to add B and C », because they don’t have the same order 5 since B is of
order3 x 2and Cis of order 2 x 3

18



s
=
I Examplc 2}
=]
2 3 0 4 &3
IfA=|_1 s5)and B={2 _3|>scheckthat:(A+B)'=A'+B!
6 7 4 -8
\Sduﬂon ,
2 3 jé 4 3 3
“A+B=(-1 5|+[2 -3]|=[ 1 2
§ 7/ \& —% 10 -1
2 1 10
A+B)t=( ) 1)
( , (
:'At=(2 ] 6) . B‘=(° 2 4)
3 & 7 4 9 =3
_zA;+Bl=(2 -1 6)+(0 2 4)=(2 1 10) @
3 & 3 M 8 Bl 2 i
From (1) and (2) s we deduce that : (A + B)' = A" + B!
([ TRY TO SOLVE
IfA=(5 "2) a B=( 4 _3),thenf'md:%(A+B')
3 4 =1 B
L Example] 3 1

Find the values of a s b and c that satisfy the equation :

S(a b)=2( a 6)+( 4 b+4)
c 3 = c+3 v 1

,So!utlon_}
3a 3b 2a 12 4 b+4 T ;
= + multiplying a real number by a matrix
(30 9) (—2 6) (c+3 3 )( e d ;
,(3a 3b)_(2a+4 b+16)
3¢ ) c+1 9
and from the property of equality of two matrices :
Sda=2a+4 & =4
»3b=b+ 16 s b=2
s3c=c+1 .'.C:%*

19
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[ TRY TO SOLVE
[f3(a b)=2(a+1 3)+(2 4+b)
g =32 =1 3/ \e43 =0

s then find the value of eachof : a sb and ¢

[\, Properties of adding matrices

Let A 5 B and C be three matrices of the order m x n and O is a zero matrix of

the same order » then the following properties will be satisfied :

n Closure property : [ A + B is a matrix of the same order m x n ]

] Commutative property : [ A+B=B+ AT

40 e e 2 )

Associative property : [ (A+B)+C=A+B+0) J

For example :

IfAz(l - 3),B=(-2 1 4)andC=(1 3 —5)
4 £ <8 7T 8§ -9 6 7 16

sthen(A+B)+C= ( 1 -2 3)+(_2 1 4) +(1 3
4 5 -6 1 B =9 6 7
=(-1 5 | 7)+(1 3 -s)z(o 2
11 3 15 6 7 16 17 20
,A+{B+C):(1 -3 3)+ (Hz 1 4)+(1 3 -5)
& 5 —b5 7 8 -9/ \6 7 16

_(1 -2 3)+(—1 4 *1)“(0 2 2)
4 5 -6 13 1§ 7/ N7 20 1

ie.| A+B)+C=A+(B+0)



I The existence of the additive identity :
Zero matrix O is the additive identity “neutral”

| Lesson Two

ike.] A+O0=0+A=A J

For example :

L PO o

B 1he existence of the additive inverse :

[ A+(=A)=(=-A)+A=0 } where (— A) is the additive inverse of the matrix A

For example :

4 1 0
-3 2 5
where

g
410+(4 0)2000=0
-3 2 5 3 -2 -5 0 0 0 2x3
m Subtracting matrices

If A and B are two matrices of the same order m x n s then the remainder of subtracting
(A — B) is the matrix C of the order m x n that is defined as follows :
C =A-B = A + (— B) where (- B) is the additive inverse of the matrix B

IfA=(

) » then the additive inverse of A is — A = ('4 il 0)

3 -2 -5

For example :

IfA=(5 2) giid B=(4 3)
3 4

,menA..B=(5 2)_(4 3)=(5 2)+(—4 -3)
3 -4/ \s o 3 -4/ \-5 o0

Remark

1]

i

We can carry out the subtraction operation directly by subtracting the corresponding elernents]

of the two matrices.

For example :

(3 4 5)_(—3 -2 6)=( 6 6 -1)
-2 1 0 0 -1 8 -2 2 -8
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CIID,

2 1 7~ 0 4
IfA=|_1 3] s B=|_1 g landC=]-2 -6
0 4 3 =3 8 =2

s find the valueof :4A-2B + -21- C

1 Solutlonj -

t & 1 2 -2\ 4
-1 3|°2(-1 S5|*+3|-2 -6
0 4 3 =3 § =2

g8 4\ (-4 4\ [0 2 4 10
=14 12]+] 2 -1o|*1 -3|=|-3 -1
0 16/ \-6 6/ Y& -1f \-2 2

4A-2B+%C=4

( TRY TO SOLVE i
1fA=(‘3 2) ’ 13=(2 O)andc=(3 2)
0 ~2 0 5 21

s then find the valueof : 2A+3C-2B

i i

'Remark -
Subtracting matrices operation is not commutative and not associative.
X Example 5}
-1 1 4 1 2 3
IfA=( 2 5 0|adB=(-2 4 0
3 ¥ 2 0 -1 -3

s find the matrix X such that :3 X +2B=A

| Solution ,
"+ 3 X +2B=A (Add the additive inverse of the matrix (2 B) to both sides)
~3X+2B+(-2B)=A+(-2B)
~3X=A-2B (Multiply the two sides by %)
5 % (A—2B)

22



=8 =k =3 sl )
X:% 6 -3 gl=1 2 =1 0
39 8 ¥ 3 &
3
Example 6J
IfA:( 2 3 -2) andB:( 0 -1 3)
-1 4 5 5 2 -4,

» find the matrix X that satisfies : 2 [Xt —A] =3B

. Solution
'.'2[X‘—A]=3B

5 2X'-2 A =3 B (Add the matrix 2 A to both sides)
LK 2ASGDA=FB42A

.'.2X‘=3B+2A=3(0 -1 3)+2( 2 3 ‘2)=(4
5 » -1 4 5/ \13

. -2)

14 -2

| 2 & .2
s X = —é— (4 . 5): 2 2 |(Take the transpose of both sides)
13 14 -2 13 g9 _4
. 13
, 13
2 b 3F 3 2
s (XY = 2 2 HX=l9 4
‘12é L S -]
_2_ /
X Example| 7 ),
If)-:+2}«:‘=(i‘q I4)athenﬁndthematrixx
. Solution ,
X 4+2X = ( 51’3 14) (1) (Take the transpose of both sides)

{7
(x+zx‘)f=(9 14)
13 6

Notice that Ny
-(A+B)'=A'+B'
-(A)'=A

[ Lesson Two
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.‘.Xt+2X=(9 13)

4 6

Multiply (2) by -2 :

.-.nzx‘-4x=(_18 _26) (3)

-3 12

Add (1) and (3) :

seif 8 <) el mifr 4
= 3 \-15 -6 5 2

( TRY TO SOLVE -

S TN

2 4 1 -2

IfA=( ) » B=|2 1 | »then find the matrix X where :
-2 0 4 b

3A-2B=2X-31wherel is of the order 2 x 2

" nemari:

You can use the scientific calculator to add and subtract the matrices s and we will show
| that at the end of the unit.

Notice that N

For any square matrix A :

A= % (A+AY + -:lz-(A—At)

— o

Symmetric Skew symmetric
matrix matrix



Multiplying matrices

Introductory example

If the matrix A expresses the results of 20 matches for Al-Ahly team and Zamalek team in
general league of football where :

Win Drawn Loss
12 6 2
11 4 5 )

A=

— Al-Ahly

—» Zamalek

and the matrix B expresses the number of points that the team gains in the cases of win »

drawn and loss where :

3 — Win
B=( 1 | — Drawn
0 / — Loss

» then the sum of points that Al-Ahly gained = 12 X3 + 6 x 1 + 2 x () =42 points

» the sum of points that Zamalek gained = 11 x 3 + 4 x 1 + 5 x 0 = 37 points and we

42
37 )
We notice that : 42 is the sum of products of the elements of first row in the matrix A by
the elements of the column in the matrix B » 37 is the sum of products of the elements of
second row in the matrix A by the elements of the column in the matrix B

» The matrix C is the product of multiplying the matrix A x the matrix B

|

can express the sum of points that cach team gained by the matrix C ==(

| 3 (12x3+6x1+:xu) 42
L 1F\ux3saxtesxo /| 7

'i.e.l C:AB=(12 .
= 11 -

th 2

£P/Y0 /g5 (2 - ol ololy) jealagll 25



| = Unit

k Multiplying matrices

If A is a matrix of the order m x { »B is a matrix of the order r x n » then :

» Their product C = AB will be possible if and only if {=r
i.2.| The number of columns of the matrix A = the number of rows of the matrix B

* The matrix C = AB will be of the order m x n

* Each element G in the matrix C = AB equals the sum of products of elements of ®rowin |

the matrix A by the elements of jLh column in the matrix B » one by one corresponding to it.

To explain the concept of multiplying matrices :

For example :

a a
11 12
I:’ll b]Z

IfA=(a, a, | »» B= ( ) » then A is a matrix of order 3 x 2 and B is
By B4 ba1 22

a matrix of order 2 x 2 Since s the number of columns of matrix A = the number of rows
of matrix B=2 ,then:

B ceineanid B = (AB)
3 xi2 Equal 2x 2 T2

— ¥

i.e.| The multiplying operation of the matrix A by the matrix B is possible and produces

a matrix AB of order 3 x 2 and can be obtained as follow :

» Multiply each element from the first row in the matrix A by the corresponding element
in the first column in the matrix B and adding up their products to get the element in (the

first row and first column) in the matrix (AB) as follow :

1 3p
v 4p
\ 831 4y

(b" b1z)_ aj by +apby
by, by

* Then multiply each element from the first row in the matrix A by the corresponding

element in the second column in the matrix B and adding up their products to get the

26



element in (the first row and the second column) in the matrix (AB) as follow :

A By )( B B3 1" LIRS
41 a» |\ b .t 1™
, 21 22
By x
» and so on till we get all elements of the matrix AB as follow :

a; by +apby, a; by, +apby,

%2 Vg b . B sim b . b b
AB=(ay 8y ( 11 1”): Sy Vi Tl Vg Hgy gy Ty
as azp |\ba b2/ \ag by +asby  ag by +az by,

Notice that "

The multiplying operation of matrix B by matrix A is not possible.

i.e.| BAis not possible because the number of columns of matrix B # the number of
rows of matrix A

Example 1)

Find AB if possible in each of the following :

3 1!
a3 ) () 2)

0 4 o

1 3 1 5 3
QA= 9B=

| 0 = ) 2 —4

1 -+ Ais a matrix of order 3 x 2 and B is a matrix of order 2 x 2
.. The number of columns of matrix A = the number of rows of matrix B
.. AB is possible and of order 3 x 2
2 1\ 4 [PEDFOO  @@+MDE)
- -, | )(_0 3 )= BEH+EDO) G@+1)(=3)
0 4 - OEEDH+@HO) O+ (E3)

-2 1
=-3 9
0 -12

AB =

27
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2 - Ais a matrix of order 2 x 3 and B is a matrix of order 2 x 3
.. The number of columns of matrix A # the number of rows of matrix B

. AB is not possible.

3 . Ais amatrix of order 1 x 3 and B is a matrix of order 3 x 1
.. The number of columns of matrix A = the number of rows of matrix B =3

.. AB is possible and of order 1 x 1

~2
AB=(2 -1 3)( 1 ):((2)(—2)+(—1)(1)+(3}(4))=(7)
4
 Example| 2}
I 2 3 1 5 -
IfA= andB:
1 i - 2 -4
> find : AB' if possible.
, Solution
| 2 3 i =1
A= oforder2 x3 4 B'=| 5 2 |of order 3 x 2
1 0 =3 S

*» The number of columns of matrix A = the number of rows of matrix B

.. AB'is possible and of order 2 x 2

1 2 8T —1f
5 )= )
& 0 -2 fl3 _4) \-5 7
( TRY TO SOLVE
& _i -3 0
IfA=(3 _l)andB= 4 -1 |osthen find if possible : AB s AB',A'B
¥ 2



k Properties of multiplying matrices

If A 5 B and C are three matrices » I is the identity matrix » then the following properties
are satisfied.

KD Associative property :

[ (AB)C = A(BC) ] where multiplying operations are possible.

[ &
-2
1 |

sthenAB=( 2 —-3)(3 1 —-4)=(0 2 —23)
-1 4/\2 0 5 5 -1 24

cwme(3 373 ) %)
,BC=( i )(:lf )=( —53)

.'.A(BC)=(_? ‘j)(_53)=(_]?7)

~ (AB)C =A(BC)

For example :

IfA:( ‘ ‘3) ,B=(3 1 "4)andC=
-1 4 2 0 5

B2 The existence of multiplicative neutral (identity) property :

The identity matrix I is the multiplicative neutral matrix.

i.e. { Al=IA=A J where A is a square matrix of the same order of T

S - P Bl |

E] Distributing muiltiplication of matrices on addition property :

AB+C)=AB+AC | o | | |
»(A+B)C =AC + BC J where multiplying and adding operations are possible.

[Lesson Three
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For example :

IfAz( 1 _2) ) B=( 2 —S)andC=(_2 6)
= 0 = | 2 1

-,-thenB+C=( 3 _5)+(_2 6):( 1 I)
= | 2 I | b 1
L =32\ 1 1 S |
oy O)= = 1
sk (—3 o)( 0 1) (—3 -3) b
ceapeacs( 1 2)(3 )1 22 )
=3 G =1 2 -3 0 1 =l
=( 5 —9)+(-4 s)z( 1 —1) )
-9 15 6 -18 ~8 8

~. From (1) and (2) s we deduce that : A(B + C) =AB + AC

" Remark

If A and B are two matrices whose multiplying operation is possible in any form

i.e. AB is possible and BA is possible too » then it is not necessary that : AB = BA
that means that : the multiplying operation is not commutative.

For example :

IfA:("'1 ‘3),B=('2 1)andc=('2 0)
5 6 0

2 -1 =2
s then :
1 AB=(4 -?)(—2 ;)z(-23 -11) Notice that M
. . - - It is possible to multiply
,BA=( 2 1 )(4 -3 ):( -6 5 any two square matrices
5 6 2 -1 32 -21 of the same order.
i.e.| ABzBA

\



I Example| 3 )

3

lfA:( ? )afind:Az s A"

S

— <olution ,

A2=A><A=( 3 2)( 3 2)=( 7 8)
-1 1/\-1 1 -4 -1

Notice that

If A is not a square matrix

e

™~

3A3=A2><A:( 7 8)( 3 2)2( 13 22) » then A? is not possible.
-4 =1/\-1 1 -11 -9
P Exampic 4
IfA:(mé g)sthenprovethat:A2—2A—312=O
— Solution ;
A2_2A_312____(—1 2)(—1 2)_2(—1 2)_3(1 0) Notice that
3 0 3 H 3 0 | =1
« I" =T for every
_(I 4)_(—-2 4)_(3 0)=(0 O):O S
0 9 0 6 0 3 0 0
( TRY TO SOLVE
IfA=( . _3]),thenprovethat:A2—5A+21=0

Critical thinking
Iannd B are two matrices sAB=0
Does it mean that A= O or B = O always ?
Answer : No
Explanation of the answer :

LetA=(‘1 2)&ndB=(2
2 _4 1

2alls 1 a)

2 -#11 L/ An
2 !

s A0 sB#0

l.e.| IfAB =0 ,itisnotalwaysthat: A=OorB=0

AB =

31

[ Lesson Three



| ==& Unit

ﬂ If A is a square matrix and A2 =1 . Does that mean for sure A=17?
Answer : No.

letA:(I 0),thenA2=(1 0)(1 0)=(1 0):1
2 =1 2 <=1/\Z2 -1 0 1

ie.| If A% =1 so it is not necessary that A =T

K} if A and B are two matrices and A x B = A. Does that mean for sure B=1?
Answer : No.

-2 1 -1 2 -2 1 -1 2 -2

i.e.| IfAxB=Asoitis not necessary that B =1

%

e S e e e

[\, Transpose of the product of two matrices

If A and B are two matrices and AB is possible » then (AB)'=B'A"

Generally »
T . ——— B =B i C'B' A' where multiplying operations are possible.
P Example 5 %
¥ =<1 & ..
If A =( ) andB=| _3 9 |s check that : (AB)' = B'A'
3 3 7
2 -8
- . Solution ;
& 1
o373 302 s HE R
23 17
. (AB t=( ) 1
i ICRES -

2 3
.-.B‘A‘:( 8 =3 2) =1 5
I § =8 .

23 17
= 2
) (—39 —8) -

From (1) and (2) : .. (AB)' =B'A’

2




X _Example 6 J

: i =%
IfA=( . _1) ’ B=(_2 5 6)andC= _5 2),
-3 3 5 < 4 3 2
find the matrix X that satisfies the relation : 15 X' = A% + (BC)!
1 Solution ,
--AZ—( 2 —1)( 2 -1)_( 7 _7)
' e 5/\-3 5/ \-21 28
.2 3 gy 2 2 1 36 1 52
,Bc=( )-s > =( ) (Bc)*=( )
5 -7 4 3 2] \s2 -13 36 -13
15x'=( 7 -7 )+( 1 52)=( 8 45)
=41 28 % <1 15 15
8 8
ik Xt_ 15 3) o N 15 l-)
1 3 3 1

{ Example 75

Find the valuesof a sband ¢ if :

| 4 M- © 3B Y = &
0 2 4 7 6 4= & ¢ 328
¥ <4 B2 49 5] 104 12 36

+ Solution

R e i
We can find a 5 b and ¢ without carrying out a complete multiplication operations but we will just :

* Multiply the elements of the first row of the first matrix by the elements of the first column
of the second matrix

Hlx=-l+ax7+2%x-2=-19 . a=-2

* Multiply the clements of the third row of the first matrix by the elements of the first column
of the second matrix.

.'-SX—1—1X7+bX—2 =—24 -.-b=6

* Multiply the elements of the second row of the first matrix by the elements of the
second column of the second matrix.

LO0x04+2x6+4%x3=c el
R ——
' Remark

- at the end of the unit.

W,
-

We can use the scientific calculator for multiplying matrices and we will represent it j

0 f/¥o g6\ (05 — oW olsl ) palagll 33

{ Lesson Thrn



Determinants

k The second order determinant

If A is a square matrix of order 2 x 2 where A = (

a
c
the matrix A is denoted by the symbol | A | and is called determinant of the second order

and it is the number defined as follows :

ie.| __The value of the determinant of the second order equals the product of the two
clements of the principal diagonal minus the product of the two elements of the

other diagonal.

|A]=

a b

v. W

Twel - |=ad-cb
C“ “d |

I Examplo 1)

;) ) » then the determinant of

Find the value of each of the following determinants :

oz 8
3 8
6 3
|-k —4

Nk
3

2

4 —7
2 6

sin O cos 6
—cos® sinB

K__s_hc.:lll-(‘t_imﬂuf J

3
8|:2x8—3x5=16—15:1



[ Lesson Four

4 -7
2, 6‘]=4x6—2x(—7):24+l4=38
6 3 _
3| o _4|TOXEH-E8)x3=-24+24=0
sin © cos 6 . g .2 2
4 =sin B x sin 0 — (— cos 0) x cos O =sin“ O +cos* B =1
—cos® sin@
( TRY TO SOLVE
N
Find the value of each of the following determinants :
3 7 <1 3
1 2
0 -4 -5 =2
I Exampic| 2}
Find the value of X which satisfies each of the following equations :
. 1] 3 |
1}x 4 ‘=0 g | X+2 -
| '0 1 '—2 x_2'
+ Solution ;
2_ 1
1% "% ox?_gyx1-0x1=x2-4
0 1
nX2-4=0 X%l L X=xY4=22
9 ,__’x+2 ‘:(x+2)(me)—(—Z)x3=x2—4+6=x2+2
-2 x-2
o x2+2=1 s X2=11 o X=24-1
& X=1ior X=—i(where i’ =-1)
( TRY TO SOLVE
Find the value of X which satisfies the equation : W

2X -2
-+ 1

1



[d Unit

k The third order determinant

If A is a square matrix of order 3 x 3 where A=| 8y, 35 dp

831 95 Ay
» then the determinant of the matrix A is denoted by the symbol | A | and is called

i Mg A3
determinant of the third order where |A| =331 @y a3
By By By
And before knowing how to expand the third order determinant s we will recognize
the "minor determinant" corresponding to any element of the matrix A » and how to

determine its sign.

For every element of the matrix A there exists a minor determinant which we can get

by elemenating the row and the column intersected at this clement.

For example : We can get the minor determinant corresponding to cach element of
the first row as follows :

[To get the minor determinant | ( A4y -84y o, ]
corresponding to a;, which is mp |2y 3p ay -3 b
t denoted by | a, | ) k ay Ay Ay . | 1432 433
"To get the minor determinant ) ( Qpp- - iy ]: :
corresponding to a,, which is - 2 4y 2y | > :‘21 323
| denoted by | a, | J k ay, aéz a3 J 31 933
"o get the minor determinant 1 ( - - By - @ ]
corresponding to a, 5 which is mp (3 3p ay ! e :21 22
\denoted by la,, | | | a3 dg ay; J N

» To determine the sign of the minor determinant of any element of a matrix s we add the

two orders of the row and the column intersected at this element.
If the sum of the two orders is : ® even : then the sign is positive.

= odd : then the sign is negative.



For example : Note that : N
- The sign of | a; | is positive because 1 + 1 =2 (even) The sign of the minor
- The sign of | a,, | is negative because 1 + 2 = 3 (odd) determinant corresponding

to the element ay is
determined by the rule :

iy

- The sign of | a,, | is positive because 1 + 3 = 4 (¢ven)

e Hence » we can write the rule of signs

of the minor determinant as in the S

opposite figure : = o

b Expanding the third order determinant

It is possible to expand the third order determinant in terms of the clements of any row
or column and its minor determinants s taking into account the rule of signs.

a5y a5 Ay
4, @ a3 ,then:

3 83 dg;

For example : If|A | =

a» an i B 451 %2 | (Using the elements
*lAl=ay, 4 —~Rials T f the fir
32 43 Rai a3 431 23 | of the first row)
¥lAl=s—a ‘% % S 3 & By By ] (Using the elements
1Z]ay,  ag 22 a3 4y 2|a,; 4y | of the second column)

W Example 3 %

Find the value of the determinant : | _ ; 3 hi
1 1 -3
. Solution ;
Using the elements of the first row > we find that :
_; 3 —i L ’0 4\_3}_2 4 +(_1)}—2 ol
1 1 -3 | -3 l 1 -3 1 1

=20%x(-3)-1x4)-3(2x(-3)—-1%x4)-(-2x1-1x0)
=20-4)-3(6-4)-(-2-0)
=2X(-4)—-3x2+2=-12

| Lesson Four
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" Remark

It is possible to expand the determinant using any row or column as mentioned before »
and we will expand it again using the elements of the second column taking into account

the rule of signs.

z2 3 =1 3-2 0‘2 -1‘ ‘ 2 —1\
-2 0 4|=- + a
. o o 1 -3 i =9 -2 4

=-3(2x(3)-1x4)+0-(2x4- (D x (-D))
=—3(6-4)-(8-2)=-3x2-6=-12
Which is the same result we get before (try to use any other row or column)

CIID,

4 -1 3
Find the value of the determinant: | 5 _2
0 -3 -1

 Solution

It is preferable to expand this determinant in terms of the elements of the first column because

of the existence of the greatest number of zeroes
5 -2 &l 1 3 -1 3
-3 -1 -3 -1 5 -2

=4(5x1-(3)x(2)-0+0
—4(-5-6)=4x(-11)=—44

.. The value of the determinant = 4

.

 TRY TO SOLVE
3 0 -5
Find the value of the determinant: | _2 4 |
7 -3 6

I Some Properties of determinants

r‘J

ﬂ In any determinant if the rows are replaced by the columns in the same order , the value |
‘ of the determinant is unchanged. |I
S |

In other words :
The value of the determinant of a square matrix equals the value of the determinant of the

transpose of this matrix.
So »if A is a square matrix , then |A |=|A'|
1 -3 5 1 4 8

For example : [A|=| 4 0 7(=-3 0 14
8 14 -3 3 7 -3



It can be proved by expanding both determinants as follow :

1 -3 5
4 0 T7(=1x-98+3x(-68)+5x56
8§ 14 -3
=— 22 (by using the elements of the first row)
1 4 8
-3 0 14|=1x-98-4x(-61)+8x(-21)==22
8 7 -3 (by using the elements of the first row)
ais
LQQThe value of the determinant vanishes in each of the following two cases. ]
1 If all the elements of any row (column) in any determinant equal zero :
2 1 0
For example : The valuc of the determinant| 4 -3  0|=0 because all
-1 5 0

elements of the third column (C,) are zeroes

2 If all the corresponding elements of any two rows (columns) in any determinant are equal :

£ 1 3
For example : | 4 -3 5|=0,because the corresponding elements in first
% 1 3

and third row are equal > (written as R, = R;)

:_31_1 If there is a common factor in all elements of any row (column) in a determinant » then
this factor can be taken outside the determinant.

2 3 ]
For example :If |A|=| 4 6  2|take 2 as a common
7 5 3
factor from the elements of the second row (Rz)
2 3 1
~IAl=2| 2 3 1| and notice that s elements of first and
7 5 3]
second row are equal (R, =R,) = |A|=2 x zero = zero

Remarks

From property 3 s when multiplying a determinant by a non zero real number k » then

~

multiply this number by elements of only one row (column)
a b €| |km kb ko a kb c¢
For example :x|d e f|=(d e f |=|d ke f|=....andsoon
X ¥ 2z X ¥ 2 X ky z

| Lesson Four
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@ The value of a determinant vanished if the elements of any row (column) is multiple

of elements of another row (column) in the determinant. ;
3 3 1 !

For example : The value of the determinant|-6 -1 —2|=zero _
15 6 5 |

because each element in the 1% column is 3 times the corresponding element in 3™
po g

column (briefly written C, =3 C,) ;
\ ’ - ——

’_llL' In any determinant s if the positions of two rows (columns) are interchanged. The value of

L the resulting determinant equals the additive inverse of the value of the original detrminant.

In other words : If the position of two rows (columns) are interchanged » then the
resulting determinant = — the original determinant.

For example :

a b c]
Ifl d e f| =10 , if the first and second rows are interchanged (R, s R,)
¥ ¥y @&
d e f a b c d e f
s a b ¢l-_10 ie. d ¢ f o] B b c
X y L X . § £ X Y Z

and that can be proved by expanding both determinants.

1\, The determinant of the triangular matrix
. The triangular matrix

It is a matrix in which all its elements above or below the principal diagonal are
ZEros as :
g2 3 2 o 9

(2 “5) (_] 0) (_(1) 3 2) ( { =3 0
? ’ - L — -
o 1 2 & 0 0 6 4 2 7

The value of the determinant of the triangular matrix equals the product of the elements

of its principal diagonal.
By Mus B
5. 4 it A
semm M G2 : by
i.e. Lo a, =818y > | 0 459 23 [T Q1 8y g5
0 0 ay
*n 4n |
Proof : | | ay, =a; 2y -0xap=a; ay-0=a; 2y,




By By @ .
011 e e Sy 43 iy a;, aj5| (Usingthe
)| Ay H3(=a, - T +0] elements of the
0 0 ay 0 ay 0 a5 492 93| firstcolumn)
=2y (ayy a33—ay3 X 0) =2y a5, a3
5 2 0B 1B
» then 3 =10 » |1 =3 0|=2%x(3)x7=-42
4 2 7
( TRY TO SOLVE
-1 2 5
Find the value of the determinant:| ¢ 3 _2
| 0 O 6
 Example| 5 )
X 0 1
Solve the f:quation:l8 1-X -X |=0
X -1 1+X
1 Solution ;
Expanding the determinant :
axlt=X "X _g® X |4 17Xl
=1 1+ X X 1+X X —~1
2xX(1-00+X) -0 x1D)-0+1(8x(-1)-(1-X)xX)=0
5 X0 =-XP—2X) +1 (=8-X+XD) =0 5 XX - X -B -+ X%=0
L, o & X =B
" Xi=-p
( TRY TO SOLVE
X 2 -2
Solve the equation: | 2 x -2(=0
-2 2 X

Example 6

If A is a matrix of order 2 x2and |A |=7 - find |3A |

VP/YO g5 (4 - ol olat) palegll 41
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K\Sc:h‘(’:lmnj
LetA:(x y) s Al=xl-yz=7 ()
z I
3Aa=3[X Y _f3x 9y
: z () \3z 3!

S 13A1=]3% 3Y|ooxl-9yz=9(x!- 2
| |‘3z 3(‘ yz=9 (X {-yz) (2)

from (1) ,(2): .. |3A|=9x7=63

from the previous example we can conclude that :

For example :
* If Ais a matrix of order 2 x 2 and |A | =3

»then|5A|=5"x|A|=25%x3=75
*IfAisamatrixoforder3 x3and|A|=5
sthen |2A|=2> x|A|=8 x5=40

(2] If A and B are two square matrices such that AB exists s then |AB |=|A| x|B|

\

T —

k Finding the area of a triangle by using determinants

We can use determinants to find the area of a triangle in terms of the coordinates of its

vertices as follows :

If XYZ is a triangle where X (a sb) » Y(csd) » Z(esf)

» then the area of A XYZ is | A | Remember that -

la b 1
WhepA=41le d 1 | A | means the absolute
2 e f 1 value of A (i.e. only its
positive value)
X — coordinates of y — coordinates of l
the triangle vertices the triangle vertices |




And we will represent the proof of the previous law at the end of this lesson as an

X _Example |7 B

Find using determinants the area of the opposite triangle __ }
whose verticesare X (1 92) s Y(33-4) 3 Z(-253)

enrich activity.

. Solution , 2 |

1 2 1
3 -4 1
-2 3 1

By using the elements of the third column K

i . 1 2
218 B 3 ~—4

=1(9-89-G+4+-4-6)

B Ak
.A—2

1 2

s -8 8

+

=Llu_71_100=—
=5 (1-7-10) 8
.. The area of A XYZ =| A | = |- 8 | = 8 square units.

Note that we used the elements of the third row to expand the determinant because it is easily

for performing mathematical operations because of the existence of ones.

[ TRY TO SOLVE
In the opposite figure : Y 1
XYZ is a triangle where X = (4 s—2) » Y = (2 5-2) |
s Z = (-2 4+ 5) find using determinants the area
of A XYZ » and check your answer using the rule ;
of calculating the triangle area. el o
.Remurk
To prove that the three points X (a sb) s Y(csd) » Z (e sf) are collinear by using i
a b 1
determinants , then we prove that : z ;l i =0
ke W
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L Example| 8%

Prove using determinants that the points (-2 s4) » (3 s 0) » (8 s —4) are collinear.

-2 4 1
3 0 13=
8 -4 1

. Solution ;
3 Ol i-8 %] |-2 4
‘s -4H g 4|7 3 0|

(-12-0)-(8-32)+(0-12)

=-12424-12=0
.. The points (-2 s4) s (3 50) » (8 s—4) are collinear.

( TRY TO SOLVE

Prove using determinants that the points (4 y4) »(2 »1) » (=2 y—5) are collinear.

L Solving a system of linear equations by Cramer’'s rule

m Solving a system of linear equations in fwo variables

* Solving a system of linear equations in two variables means to find the values of the
two variables satisfying the two equations together.

* If we have a system of linear equations in two variables as follows :

aX+by=m
cX+dy=n

s then to solve this system we do the following :

1 Find the values of three determinants s after putting the two equations in the
previous form s and these determinants are :

| #Is called the determinant of the matrix of coefficients and denoted by

| |a b| |
| e d‘ !
)
. B '
‘ n d‘ :
L |
——
' 3
’ a m

!

the symbol A (is read as delta)

* We get it by putting the two coefficients of X in the two equations in
the first column » and the two coefficients of y in the two equations
in the second column.

« Is called the determinant of the variable X and denoted by the
symbol Ax (is read as delta X)

« We get it from the determinant A by changing the elements of the
first column (coefficients of X) by the constants m and n

* Is called the determinant of the variable y and is denoted by the
symbol Ay (1s read as delta y)

» We get it from the determinant A by changing the clements of the
second column (coefficients of y) by the constants m and n



2 Find the values of X and y as follows (where A £ 0) :

\‘ ‘/'
m b ’ a m
X = Ax_ " d _md-nb | _i_ " - _an-cm
A d » ad—cb {y A - " ad—cb
i
c d : C d
\ f ' >

* Note that : If A # 0 » then the system has a unique solution while if A = 0 » then the system
either has an infinite number of solutions or has no solution.

The following example shows the previous steps.

Example 9)

Solve the system of the following equations using Cramer's rule :

6X-5y=-23 5 3X+3y=16

( Solution ,
6 =35
A= 3 3 =6X3-3%X(5)=18+15=33
38 5
A=l 16 3 |FB3x3-16x(-5)=-69+80=11
6 ~23
,Ay= 16| 6% 16=3 X (-23) =96 + 69 = 165
A
Fm ALl 1 Remark
A 333
You can check your answer by substituting
Ay 65 the values of X and y in the two equations.
s y=—=——==J
A 33
and the $.5.= {(1 5)}
( TRY TO SOLVE

Solve the following two equations using Cramer's rule :

4X+3y=-4 , 3X-y=-3

45
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m Solving a system of linear equations in three variables

If we have a system of linear equations in three variables as follows :
1a,X+by+c,z=m 2 a,X+b,y+c,z=n 3 a;X+byy+cyz=k
» then similarly as we did in case of system of linear equations in two variables :
a, b, ¢
A= I a, b, ¢ =determinant of the coefficients
a3 by ¢
m b, ¢
A, =|n by €= determinant of the variable X
k by ¢
and we get it by changing the elements of the first column (coefficients of X) by the
constants m sn sk
a, m ¢
Ay =(38, N C|=determinant of the variable y
a, k ¢
and we get it by changing the elements of the second column (coefficients of y) by the
constants m sn s k
a, b, m
A,=|% b, 0 |=determinant of the variable z
a; by Kk
and we get it by changing the elements of the third column (coefficients of z) by the
constants m »n > k

A A A

=—x =""_y" —_ 2
Let A #0 s then X A s ¥ A s Z A

The following example shows the previous steps.

I Example 10}

Solve the system of the following equations using Cramer's rule :

3y+2X=z+1 5 3X+2z2=8-5y » 3z-1=X-2y

\ Soluﬂan y

1 Put the equations system in the forma X + by + cz = m as follows :

2X+3y-z=1 5 3X+S5y+2z=8 , X-2y-3z=-1



2 Find A ’Ax -)Ay ,AZ as follows :

2 3 -1
A=|3 5 2/=2C15+4)-3(9-2)+(-1)(-6-5)
1 -2 -3
=-22+33+11=22
1 3 -1
sAy=| 8 5 2|=1(15+4)-3(24+2)+(-1) (-16 +5)
-1-2 -3
=-11+66+11=66
2 1 -1
Aj=[3 8 2 [22(-284+2)-1(9-2)+(-1)(-3-8)
1 -1 -3
=—44+11+11=-22
2 3 1
sA, =13 5 g|=2(5+16)-3(-3-8)+1(-6-5)
1 -2 -1

=22+33-11=44

3 Find the variables X » y 5z as follows :

A A
x:f:%::ﬂ sy =

o The 8.8.={(3 »-1 52)}

Remarks

[ Lesson Four

* You can check your answer by substituting the three variables in each equation.
* (3 »—1 »2) is called ordered triple.

.

[ TRY TO SOLVE

Solve the system of the following equations using Cramer's rule :

2X+y—-z=3 5 X+y=1-z » X=2y+3z+4

" Remark

You can use the scientific calculator to find the value of the determinant and we will
represent it at the end of the unit.
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Scientific calculator can be used to calculate the value of the determinant and we will show |
that at the end of the unit.

Activity\ A method to prove the law of finding the area of the triangle
using the determinants

”
Let XYZ be a triangle where Z(e.f)

X(& 9b) » Y (c sd) QZ(C af) » then

The area of A XYZ = the area of the trapezium XXZ7

+ the area of the trapezium 7ZYY

— the area of the trapezium XXYY e

=%—[(b-l-f)(e—a)+(f+d)(c—e)-(b+d){c—a)]

= 3 [be — b+ fé — fa + fo — §& + g€ — de — be + Ja — dc + da]
=%[bc—fa+fc—de—bc+da] (1)
1|8 b 1
and by expanding the determinant : Fle d 1 | using the elements of the third
column s we find that : S 1
_ 1 | e d| |a b a b |
The determinant = 5 = >
21e f| |e fl] |c d|
=%[cf—ed—af+eb+ad—bc] )

by comparing the result which we get in (1) and the result which we get in (2) s we find that :

a b 1
The area of A XYZ = % c d 1 | (in condition of taking the absolute value of the result)
. f 1




Multiplicative inverse of
a matrix

Inverse Inverse
-1 ’ 7
N

If A and B are two square matrices and each of them is of order 2 x 2

and AB=BA =1 where I is the unit matrix of order 2 x 2 » then each of the two
matrices A and B is the multiplicative inverse of the other.

For example : :
.__ I
lfA=(4 ‘2) " B=( 2 )
3 —1 -3 2
' 2
=1 ]' .
athEHAB=(4 _2) 2 :(l O):[
3 =11} =3 2 0 1
_ 2
= S
» BA = - (4 “2)=(I 0):[
-;_,;' ZJi 3 -1, 0 1

l.e.| AB=BA=I

. Each of the two matrices A and B is the multiplicative inverse of the other.

[ Remark

1 2

If the matrix A :(
2 1

R 1 2
)andthemauixB= z 1
—4 i 1

: 1 2
then A is not the multiplicative inverse of B although AB = (;_1, ? _ :) ( - ! )
k= (; ?) =1 » that is because the matrices A and B are not square matrices.

VO /YOle56 N (s - ol clst,) palegll 49




|== Unit

\, How to find the multiplicative inverse of a 2 X 2 matrix ?

If A =( 3 l:i ) » the multiplicative inverse of the matrix A which is denoted by
c

the symbol A~ ! is defined (existed) when the determinant of A=A #0 5 then
A7 =l( % _b) where AA " '=A"1A=1

A —-C a
N Example 1}

Find the multiplicative inverse if it existed of each of the following matrices :

& B
1:—\:('2 2) 23:(2 )
3 8 3 12
. Solution ;-
18|72 ?leceo-0r@=2
= - =
S A0 . The matrix A has a multiplicative inversc
” -4 -2\_[-2 -1
e 3 )
2ty - =3
3 -2 - 1
Lk % #q
g v A=|2 ‘=(5)(12>—(2><3>=0
3 12

- B! is not defined (not existed)

( TRY TO SOLVE

Find the multiplicative inverse if it possible of the matrix : A =( 2 22 )

I Example|2 §

Find the real values of X which make the matrix A has a multiplicative inverse in each of

the following :

1a=(* ) 2A=(x-1 ‘)
12 X 3 X=-2

50



 Solution ,
1 The matrix A has no multiplicative inverse when | A [ =0

m‘x 3

(12 X

=0 . X2-36=0 2 X=%+6

. The matrix A has no multiplicative inverse when X = + 6
<. The matrix A has a multiplicative inverse when XER - {-6 ,6}

2 The matrix A has no multiplicative inverse when | A | =0

'i.e.l “x_l " =0 SX-1D)(X-2)-12=0
3

X5
nX*-3x+2-12=0 AX%.3 X-10=1
L(X=-5)(X+2)=0 Sk =3

. The matrix A has no multiplicative inverse when X =5 or X=—2

. The matrix A has a multiplicative inverse when X € - {5 ,— 2}

msson Five

[ TRY TO SOLVE
Find the real values of X which make the matrix : A=( X-1 . )
i 2 X+1
has a multiplicative inverse.
N Example 3 )
IfA:(1 4 ) . B:( ; _l)fthenpmvelhat:
2 4 -3 1
1 A Y '=A 2 (AB) '=B1A"!
. Solution ;
1 3
1 |A|= ; 4|=(1)(4)—(3)(-2)=-2 L A20

. A~ Lis defined (existed)

e 3=l 7)

s'.'A_1=—
g 2
) A_1:_1_( 4 -3 _( 2 )
~E-2 1) % 1 =l
' 2

—

A—C d

51



| = Unit

-1 =3 -1 -3
.'.(A")":—I—(T 7)=_2(2 7):(1  )-a
-1 = 2 4

5 Nl =4 -1
. AB:(] 3)( 2 —1)=(ﬁ7 2)
-3 1 -8 2
- 2
.'.IABI=]_8 2|=(—7)(2)—(2)(~8)=2;&0
| ] =]
: - ; A 1§42 -8B
- (AB) ' is existed. ~ (AB) _2(8 _7)—(4 —_I) (D
2
alBE=| i _i‘=(2)(l)—(~l)(—3)=—1 - B~ !is existed.
-2

(1 [3%)

.__B_1=__]1_(1 1 )=(—1 -—1) e
3 2 -3 -2

-5 B 1 =1
_..B~1A—|=(—l -1)( 2)=( _?) @
-3 -2/\ 4 ? 4 =

P|L

From (1) and (2) » we get that : (AB) lagrt A

[ TRY TO SOLVE .
Using the two matrices A and B in the previous example s prove that : (A~' B)” I=B-lA

[ Remark
; . N
If A is a square matrix of order 2 x 2 where | A | # 0 » C is another matrix and :
- - A1
(1] AX=C then X=A"'C Notice that : S
By multiplying the two sides of the equation by A~ 1
*A"lA=1,1X=X
L ATAX=A"'C LIX=A"l1C oX=&A'C ) i
o=t
4 |Al
@) XA=C then X=CA
- ; w _

52



X Example| 4 ),

Find the matrix X which satisfies that : ( i _01) x X = ( =1 )

3
TSduﬂoh,
Le1A=(2 —1),(::(—1)
30 3
+. The equation is AX = C & Ka ¥
- S .
s A= =2)0)-(-1)(B)=3=0
3 0
_ 0o 1, 0o 1
,A_l_%( 0 1)__( 3) " 3)(-1)__(1)
5 = - = 5 = 5 =
o 2 <3 & i H\ 3 3
(TRYTOSOLVE
Find the matrix X which satisfies that : X x (3 ;) - (3 ]30) 1

Solving two simultaneous equations by using the multiplicative inverse of a matrix

To solve two linear simultaneous equations in the form:a, X +b, y=c¢, » a, X+b,y=c, by
using the multiplicative inverse of a matrix » follow the following :

Write the two equations in the form of a matrix equation :

X 2
(al X )( ):(L') i.e.| intheform AX=C where

aZ bZ y Cz

a b
( ' l )is called the matrix of coefficients
a, b2

X
s X =( ) 1s called the matrix of variables and C -—-(
y E

P4 Find the solution of the matrix equation :
AX=Csthen X=A"'C and from that we deduce the values of the variables X and y

c
! ) is called the matrix of constants.

' Lesson Five



rmed Unit

|
|

X Example Qj
Solve each system of the following linear equations using the matrices :
12xX+3y=7 » X-y=1 2 Xx=2y—-1 3 3y=2X%
Y Solution/r

. -
1 ThematrixequationisAX=CswhereA=(? ? ),X=( )1C=(7)

2 3
-.-A=IAI=1 _l‘=(2)(—l)—(3)(1)—5¢0
.. For the matrix A » there is a multiplicative inverse e
1 3
.,I_L—l——S_S 5 e et
(T R)T 3] ket
5

EIHEH

s X=2,sy=1 5and the solution = {(2 s 1)}

s X=

(7

e

2 X-2y=-1 5 2X-3y=0

=5 X B
ThematrixequationisAX=C,whereA:(; g);X:( )andC:(Ol)
= y

] =,
~.*A=|A|=‘ =(1)(-3)-(-2)2)=1=0
3 -3
_._Aﬂlzl(—3 2)=(-3 2)
3 1 3. 1
s =10 .-.x:('3 2)(‘1)=(3)
=8 1 0 2
X 3 :
( ):(2) .'.x=3sy=2sandthcsolut10nset={(3,2)}
y ' \
( TRY TO SOLVE

Solve the system of the following equations using the matrices :

x+2y:4 s y=2x+7



X Example/ ),

If the curve of the function f: f (X)=a X &b passes through the two points (2 » 0) and
(=1 5— 3) use the matrices to find the value of the two constants : a and b

. Solution ,

** The curve of the function f passes through the point (2 5 0)

N F2)=0 ~ax(2)?+b=0
SL4a+b=0 (1)

» .+ the curve of the function f passes through the point (= 1 5 3)
LFE-11=-3 nax(=12+b=-3
sa+b=-3 (2)

To solve the two equations (1) and (2) > we write the matrix equation AX = C ,

whereA=(4 1) - X=(a)andC=(0 )
1 1 b

1
ll(4) M-1)1)=3

. ok o
w38 1 =33 [ )
a3 (U 3

3 3

Remark

We can use the scientific calculator to find the multiplicative inverse of a matrix and we
will represent it at the end of the unit.

| Lesson Five



Technological Activity
on Unit One

N\ Using scientific calculator in matrices

We can use scientific calculator which supports matrices for many operations which related

to matrices like :

* Finding the transpose of the matrix.

» Performance of adding and subtracting operations on the matrices.
¢ Finding the value of the determinant.

* Finding the multiplicative inverse of the matrix.
and what we let here » will be by using the calculator of the kind (CASIO fx-991ES PLUS)

7
* Press successively the following buttons from left to right : — P00V

_first_‘ Entering of the matrix A = ("47 " ) :

and this for choosing a matrix of order 2 x 2 » then enter the elements of the matrix A by
pressing successively the following buttons : Enering of e cemen o=y () €D O ©

of the first row

Entering of the elements aa i
of the second row

‘Second | Entering of the matrix B = (_ & 4 ) :

0 7
» Press successively the following buttons from left to right : -@ 0900

HHIFT [MATRIN

for choosing another matrix of order 2 x 2 , then enter the elements of the matrix B by
pressing successively the following buttons : feeale s, @ OO0 ®

of the first row

Entering of the elements —
- Lol - 171 - Juc)

of the second row

Now s we entered the two matrices A and B s and we can do some of the operations on
them as the following : =

1 To find A" 5 press —*.ﬁ .?ﬁ o

To choose the order Trn “To choose MAT A

successively from left to right : oo iz Al

4
5

The matrix (_ ¢ ) will appear on the screen which represents A'
0



SHIFT SHIFT =
2 To find A + B » press e T S s
1 Soe Qoo o
successively from left to right : I E] —
MAT A + MAT B
The matrix (_ - 4 ) will appear on the screen which represents A + B
4 14
3 To find AB » press - __ - ___
. — Qoo 0@ @
successively from left to right : } EY !
MAT A o MAT B
The matrix ( . 28) will appear on the screen which represents AB
-32 5
4 To find the value of the determinant of the matrix A
s press successively from left to right : g . . e
:
To choose the crder det To choose MAT A
(determinant) (matrix A)

— 49 will appear on the screen which represents the value of the determinant of

the matrix A

SHIFT

5 To find the multiplicative inverse of the matrix A » press — @ &5

=

successively from left to right : To choose MAT A
(matrix A)
=L P
The matrix 47 i will appear on the screen which represents the
49 7
multiplicative inverse of matrix A
6 To find A' + B 5 press ~ p— B o
*P —SooSooe o §00 ©
Tm(A) e MAT B

successively from left to right :

- . ) will appear on the screen which represents A' + B

The matrix (_
0 14

[ TRY TO SOLVE
Use the calculator to find each of the following : ]

B' A—B ,BA ,the determinant B s B! 5 A+ B', A'B and BA'

ATITO g0 (25 - Sl olst ) palagll  S7



Linear programming

Lesson

Lesson

Unit Lessons i

Linear inequalities - Solving systems of linear
inequalities graphically.

Linear programming and optimization.



Learning outcomes

By the end of this unit, the student should be able to :

» Solve first degree inequalities in one
variable and represent the solution
graphically.

* Solve first degree inequalities in two
variables and determine the region of
solution graphically.

» Solve a system of linear inequalities
graphically.

= Solve life problems on systems of linear
inequalities.

* Use linear programming to solve life
mathematical problems.

« Record the data of a mathematical
life problem in a suitable table , and
transfer these data in the form of linear
inequalities , then determine the region
of solution graphically.

* Determine the objective function in
terms of the coordinates and determine
the points which belong to the solution
set , giving the optimum solution to the
objective function.



Linear inequalities - Solving systems
of linear inequalities graphically

* Remember the properties of the inequality relation in IR :

Assuming that a s b and c are three real numbers » then : |

*Ifa<b ,thena+c <b + c whether c is positive or negative.
e If a<b > then ac < be if ¢ is positive.

e If a<b ,then ac 2 be if ¢ is negative.

— S

* You can deduce the previous properties in cases of the other inequality relation signs

K= 9> 9<»

1\, Solving the first degree inequality in one variable graphically

 Each of the inequalities :
3X<5 5 4-X22X 5 3<X<6
is called an inequality of the first degree in one variable.

e Solving the inequality means finding all the elements of the substitution set which satisfy

the inequality.

e The substitution set may be R or IR x IR
and the following illustrative example shows how to solve the first degree inequality in

the two cases.

60



Nlustrative example
Show graphically the S.S. of the inequality : 3 X+ 10> 1

1 If the substitution set is [R

Q If the substitution set is R x R

[ 3X+10>1 J

.
LR )
L o e
'.
[ | )

f Case (1) Y | case )
If the substitution set is IR , then the S.S. If the substitution set is IR x IR , then the
is represented on the number line. S.S. is represented on a lattice.

4 y
| s
| Lo |
i 1
-3 o 13 X
IR IEEC EEREN
|
|
: s
" Y
¢
e The S.S. is all the real numbers greater e The S.S. is all the ordered pairs whose
~ than-3 X-projection is greater than — 3
e The S.S. is the part of the number line e The S.S. is the region on the right of
on the right of — 3 the straight line X = — 3 (is called half
plane).
e The unclosed circle at — 3 means — 3 » The straight line X = — 3 is drawn
does not belong to the S.S. dashed because its points don't belong
to the S.S.

| Lesson One
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mo Unit

CIID,
Show graphically the S.S. of the inequality : | | 1’
SX-7=2X-1inRxR r I
\kSolutiorg ) f—— ]
S5 X-T=<2X-1 2 IENERnE R *
LS5 X-2X=<-1+7 3
53 XE6 S X552 \2{ |

Notice that S

(1) The shaded region is on the left of the straight line X = 2 because the inequality
relation is "smaller than".

(2] The straight line X = 2 is drawn solid because the inequality contains the symbol of

equality - i.e.| K-

B Eamplo 2]

Show graphically the S.S. of the inequality : X - 154 X+ 5 <X + 17 where X R

4 Solu'cta_u_-n/ 7

CX=-124X+5<X+17 LA=-1=23X+5<17 SH—-6=23X<12
| 4 The S8 =[-2 s4]
- —} + } - } (Bt
-3 2 -1 @ 1 2 3 & 5

B Example) 3 )

Find graphically the S.S. of the inequality : 2 X-2 =3 X—-1<X+5 where XER

1 Solution ,
Parting the inequality into two inequalities as the following :
l/ 2X-253%-1 T' 3X-1<X+5
S 2X-3X=<-1+2 L3X-X<5+1

=X<1 & Xe—1 ‘ L 2X<6 s X<3
- TheSS.=[-1 500 . The $.8.= |- o0 5 3[

< The S.S. of the original inequality = [~ 1 yeo[ ) ]=c0 »3[=[=1 ,3[




k Solving the first degree inequality in two variables graphically

[ Lesson One

» We know that we can represent the
linear equation : 2 X +3y=6
graphically by a straight line as follows : SN |
% 0 3 7~
¥ | 2 0 R AR T T
' ' et ; i o /]
X I\\e_i-*‘?iﬁ; \\L\ k X
«We should get a third ordered pair to R OF N T AN
check the graph» ol i J. * 2
e From the graph » we notice that this LER RS qll 'S : [ \Txr_ayfﬁ
straight line divides the Cartesian plane y

into three sets of points :

1 The set of points of the straight line L (is called a boundary line) and each of these
points satisfies that 2 X+3y=6

2 The set of points of the plane that lies on one side of the straight line L (and it is called
a half plane) and is denoted by S; and each of them satisfies that 2 X+ 3y>6

3 The set of points of the plane that lies on the other side of the straight line L (and
it is called a half plane also) and is denoted by S, and each of them satisfies that

2X+3y<6

From the previous , we deduce that

» The half plane S, is the region representing the S.S. of the inequality : 2 X +3y>6

» The union of the points of the half plane S, and the straight line L represents the S.S.
of the inequality : 2 X+3y=6

» The half plane S, is the region representing the S.S. of the inequality : 2 X+ 3y <6

» The union of the points of the half plane S, and the straight line L represents the S.S.

of the inequality : 2 X+ 3y <6
_ /
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IINY Unit

P\ Steps of solving the first degree inequality in two variables graphically

1 Represent the straight line equation related to the inequality by a solid line in case

of = or = 5 and by a dashed line in case of > or <
2 Determine the half planc in which the feasible "or solution" region lies by choosing any
point (X, »y,) belonging to one half plane as a test point and substitute it in the inequality.
» If the chosen point satisfied the inequality » then the half plane containing this point is the
feasible region of the inequality.
e If the chosen point did not satisfy the inequality s then the other half plane is the feasible
region of the inequality.

" Remark

To make it easiers choose the origin point (0 5 0) if the boundary line does not pass through it. J

 Examplc | 4}

Represent graphically the S.S. of the inequality : X-3y=3inR xR

 Solution
1 Draw the boundary line L whose equation is : b/
X — 3 y =3 as a solid straight line 4 T i
because the inequality relation is < f » -3t ?
using the following table : T . e
o AEZE
-2 41 [0 | 3 4 |
X 0 3 i _,,/”_ it
5

2 Choose the origin point as a test point.
"> The point (0 s 0) satisfies the inequality (because 0 < 3)

. The S.S. of the inequality is the boundary line L U the half plane that contains the point
(0 5 0) and that is represented by the shaded region in the previous graph.

Notice that .

You can draw the boundary line L. without the previous table by using the slope of
the straight line and the intercepted part of the y-axis as you studied before.



N Example 5 )

Represent graphically the S.S. of the inequality : 3 X+4y>12inRxR

Solution
1 Draw the boundary line L whose equation e fjla:'\ Y |
18:3 X +4 y =12 as a dashed line \%g“i‘\i 4% I | i et
because the inequality relation is > h‘_‘llzg -+
using the following table : 43 = \‘\_‘ 13 x+4y,.1|2

[ & 0 | 4 ] smaE

. s | o Sann ~H
2] 4 |0 BDERE.Z 738
2 Choose the origin point as a test point. _ | 1 i e
| ! \‘\
» ' (0 5 0) does not satisfy the inequality T —
(because 0 < 12) ] 4 &
. The S.S. of the inequality is the half plane that does not contain the point (0 »0)
and is represented by the shaded region in the graph.
" Remarks
—

* The equation : y = 0 is represented by the X-axis.

¢ The equation : X =0 is represented by the y-axis.

* The equation : y = a is represented by a straight line parallel to the X-axis and passing
through the point (0 » a)

* The equation : X = a is represented by a straight line parallel to the y-axis and passing
through the point (a » 0)

* The straight line whose equation is in the form : % + % = 1 passes through the two
|\ points (a »0) and (0 » b) 3
( TRY TO SOLVE
Represent graphically the S.S. of the inequality : 2 X -5y < 10in R xR 1

k Solving systems of linear inequalities graphically

To find the graphical solution of two inequailities , we do as the following :
1 We shade the region S, that represents the S.S. of the 1% inequality.
2 We shade the region S, that represents the S.S. of the 2" inequality.

* The common region S of the two shaded regions S, and S, represents the S.S.
of the two inequalities where S=S, N S,

RP/10/556 Y (8 - ol olsl ) palagll 65
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[M Unit

GO0,

Represent graphically the S.S. of the two inequalities :
X+3y=3 9 2X+y=4inRxR

T\MSolutlan 7
1 Draw the boundary line L, : X+ 3 y = 3 as a solid line using the following table :
. The point (0 > 0) satisfies the inequality (because 0 < 3) ]'. X 0 3
. The region S, is the S.S. of the inequality : X+3y <3 I ¥y | 1 0

and it is represented by L, U the half plane in which the origin point lies [Fig. (1))

2 Draw the boundary line L, : 2 X+ y = 4 as a solid line using the following table :
- The point (0 »0) satisfies the inequality (because 0 < 4) | X | L 2
. The region S, is the S.S. of the inequality : 2 X +y <4 ¥ 4 0

and it is represented by L, U the half plane in which the origin point lies [Fig. (2)]

3 The S.S. of the two inequalities simultaneously is S = S, S, and it is represented by the
common region in the two shaded parts [ Fig. (3)]

b ¥,

r . -.\ : e » 5 ' 4 .[ { -
il 3 &J YRR \q . o I
SRR IR
| ¥ R
}\_- B :\ ------ I K RN
_] ) i ) g | O R
g ) | \
! $ y\r
Fig. (1) Fig. (2)
Remark
Y
The two coordinate axes divide the Cartesian plane
into four quadrants : x<o | x>0
1% quadrant :where X>0 5 y>0 ” s | Rt .
» 2" quadrant  : where X<0 » y>0 x<o | x>o0
s 3% quadrant  : where X<0 > y<0 y<o ¥y <0
and 4™ quadrant : where X>0 5 y <0 |
},\

A .




L Example] 7)

Represent graphically the S.S. of the inequalities :
Xz0 5 y=z0 » y+3X=9andy-X<1 inRxR

Solution ,

1 The S.S. of the two inequalities : X20 and y=0

is represented by 0X U Oy U the 1% quadrant of the Cartesian plane.

2 Draw the boundary line L, : y + 3 X =9 as a solid line. X | 2 | 3

-+ The point (0 »0) satisfies the inequality (because 0 < 9) R
- The region S, is the S.S. of the inequality : y + 3 X <9 and it is represented
by L, U the half plane in which the point (0 5 0) lies [Fig. (1)]
3 Draw the boundary line L, : y — X = 1 as a dashed line. e 0 | 1 )
" The point (0 » 0) satisfies the inequality (because 0 < 1) Y
. The region S, is the S.S. of the inequality : y — X < 1 and it is represented
by the half plane in which the point (0 ,0) lies | Fig. (2)]

4 S is the S.S. of the four inequalities which is represented by the region in the 1 quadrant
that has the common shade [ Fig. (3)]

I ” ' A0 o
i >, { 1 e,
PR et
) B T TN el
] \ | —+[ & P ! I\
= S 3 : B e 3 'f,,/!
it ; f ’_::’ \'\_ Gl
5 SN Al RN
A i \L a __ 8 gl ’,/
—| - —. - -
- = 1
\ 2
X, x % L& x X L7 0%
I lTo HENENE N S i B U R I
- | II \ ,"3{‘-1'- R R R ¥ R //;
¥ ¥ ¥
Fig. (1) Fig. (2) Fig. (3)

" Remark
In the previous two examples » we draw a separate figure to show the feasible region of
each inequality. After that we deduced the last figure which shows the feasible region of

all the inequalities simultaneously. You (after some practice) won’t be in need of drawing
all these figures, but you will satisfy the last figure only.
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R Example 8 1

|IN) Unit

Represent graphically the S.S. of the inequalities :
2X+y>6 5> 4X+2y=4inRxR

éﬁiian . =
1 Draw the boundary line L, : 2 X +y = 6 as j__:f\f:i;\ ’E;L:i LA Loy
a dashed line that passes through the two TR 1% _ 395
points (0 »6) and (3 5 0) S -
» *. the point (0 » 0) does not satisfy the : “" L ,
inequality. '__ 8 5
. The region S, is the S.S. of the \ %7
inequality : 2 X +y > 6 and it is T
represented by the half plane which SV SEEARE
does not contain the origin point. ;\\ E\.‘i_ 2
N8 AN K

2 Draw the boundary lineL, : 4 X+2y=4

as a solid line that passes through the two points (0 » 2) and (1 50)

s *.* the point (0 s 0) satisfies the inequality.

.. The region S, is the S.S of the inequality : 4 X + 2 y <4 and it is represented by

L, U the half plane which contains the origin point.

3 The S.S. of the two inequalities simultancously is S =S, 1 S, = %)

P Example 9 )8

Represent graphically the S.S. of the following inequalities
3X+2y=<6 5 y+32z0and X-y>0inRxR

x Solution ; ,. )
1 Draw the boundary lineL,:3X+2y=6 | ,j:\Ni ' ‘ . T
as a solid line that passes through the two | | éi\ /;'\";
points (2 »0) and (0 5 3) * N I
» -+ the point (0 > 0) satisfies the 5 : \x
inequality (because 0 < 6) &1 A1
.. The S.S. (S,) is represented [ ’«f? N
by L, U the half plane in which the Lt
origin point lies. i P A @N
r'/




2 Draw the boundary line L, : y =— 3 as a solid line [A straight line is parallel to the X-axis
and passes through the point (0 »— 3)]
» " the point (0 , 0) satisfies the inequality (because 0 > — 3)
- The .. (S,) is represented by L, U the half plane in which the origin point lies.

3 Draw the boundary line L, : X-y =0

as a dashed line that passes through the two points (0 »0) and (1 5 1)

s *.* the point (0 » 2) does not satisfy the inequality (because -2 % 0)

. The 8.8. (S;) is represented by the half plane in which the point (0 » 2) does not lie.
4 The S.S. of the three inequalities simultaneously is S=S, N S, N S,

and it is represented by the shaded region in the shown Cartesian plane.

Example;lo

A factory for children toys produces cars and planes. It produces 250 toys daily at most.
If the cost of one car is L.E. 15 and of one plane is L.E. 10 and the total cost of the
daily production is not more than L.E. 3000 , write a system of linear inequalities

representing the previous, then represent graphically the solution region of this system.

i Lesson One

\\Sﬂlktion
Let the number of cars = X » the number of planes =y Y
=i 34 ook O S S
» The system of inequalities is : _SJ{Q L1 l ] N
3 X+y=250 -2 b
e TPENTT
4 15X+ 10y <3000 ile.| 3X+2y=<600 BAEEE P
* Determining the region which represents the _—E—mfr—i = .
S.5. of the inequalities as follows : L5 N
x\ ‘I—— —- 4——___-3_. _.._. Ly | -
1 The inequalities X =0 » y = 0 arc represented ~ 50 [O] [ 50 100 !:J;D 208, | 280,] 300
— e L [l
by Ox U Oy U the 1* quadrant. Ll ! \
; -\
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2 Draw the boundary line L, : X+ y = 250 as a solid line that passes through the two points
(0 »250) and (250 »0)
» - the point (0 > 0) satisfies the inequality (because 0 < 250)
. The S.S. of this inequality is represented by L, U the half plane in which the origin
point lies.
3 Draw the boundary line L, : 3 X + 2 y = 600 as a solid line that passes through the two
points (0 » 300) and (200 5 0)
» *. the point (0 » 0) satisfies the inequality (because 0 < 600)
. The S.S. of this inequality is represented by L, U the half plane in which the origin
point lies.
4 The ordered pairs that its X-coordinates and y-coordinates are integers in the shaded region

is the S.S. of the required system of linear inequalities.
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Linear programming and
optimization

1\, Linear programming

It is one of the scientific methods that is used to give the best decision of solving a problem

or it is the optimal solution that satisfies a certain object in view of some restrictions and
available abilities or materials where the object can be put in the form of a linear function
called "the objective function" and the stipulations and available abilities are put in the

form of linear inequalities.

The method of linear programming depends on :
1 Representing the system of inequalities that expresses the stipulations such that we obtain

a ribbed region representing the S.S. of the inequalities.

Often the restrictions contain the two inequalities : X >0 5y > 05 that means the S.S.

(the region representing the S.S.) lies in the first quadrant.

2 Determining the objective function in the form P={ X+ m y where { and m are constants
we represent the equation {x+m y =0 by a straight line that passes through the origin
point 5 then we let this straight line move parallel to itself upwards till it passes through
the vertices of the polygon that determines the region of the S.S.

Since all these parallel straight lines have the same slope and differ only in the value of
“P” and each point (X » y) belonging to the S.S. and to the same straight line gives a value
to the number “P”

So » we can determine the greatest value or the smallest value of the objective function.
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For example :

If the S.S. representing the set of inequalities that
represents the restrictions is the shaded region in
the opposite graph and the required is finding

the greatest and smallest value of the expression
P=3 X+ 2y »then we substitute by the
coordinates of the points : A »B sCand D

“the vertices of the polygon” in the objective
function.

Notice that N

function

The objecpiver3—————F ‘:'

Y
.
L o

i
| i 3", .
| '~ .3
%ok kel b L I W - 520 O L0 e
. | P
] 1 A

The value of the objective function at any point that lies on a side of the shaded region
sides is included between its values at the two vertices of the polygon for the side that

joins them.

[P]A=3x1+2x4=11
s[P]C=3><5+2><2=19 ’ [P]D=3><6+2><

y [Ply=3x4+2x1=14

5=28

So » we find that the greatest value is 28 at the vertex D (6 5 5) and the smallest value is

11 at the vertex A (1 »4)

I Example 1)

Determine the S.S. of the following inequalities simultaneously :

X20 5 y20 » X+2y<8 and 3X+2y<12

Then find from the S.S. (X » y) that makes “P” maximum where P=50 X+ 75y

 Solution ;

First| Determine the region that represents the S$.S. of the inequalities :

1 The two inequalities : X=0and y =20
are represented by 0X U Oy U the first

quadrant. Edal

BN,

L) ¥

P

2 Draw the boundary line L : X+2y =8

i

-
LAl
N

(as a solid line) that passes through the two
points (0 »4) and (8 50)

3 Draw the boundary line L, :3 X +2y=12 x

(as a solid line) that passes through the two
points (0 s 6) and (4 s 0)
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- The solution set of the inequalities [ To get the coordinates of the point B algebraically :
ig represented by the shaded region. Solve the two equations representing the two
That is the ribbed region ABCO straight lines L, and L, simultaneously where :
L:X+2y=8 » L,;:3X+2y=12
| »then we find that : B=(2 5 3)

ry

[-I_.esson Two

The vertices of the feasible region arc : A (4 ,0) sB (2 53) »C (0 54)and O (0 ,0)

Third | Determine the value of the objective function at each vertex :

" The objective functionis : P=50 X+ 75y

5 [P],=50x4+75x0=200 , [P];=50x2+75x3=325
'[Pl.=50x0+75%x4=300 , [P],=50x0+75x0=0

.. The maximum value of the function P is 325 at the point B (2 » 3)

k Life applications on linear programming

We can deal with the life problems which are related to the linear programming by the

following steps :

- - 3
(1 Analyse the situation or the problem to determine the variables » the constraints and the

available data and arrange them in a table.
| 2] Put the constraints in the [ Constraints 15 - / }[ Feasible region |
A8 ) ) V’\ \ (/\

form of a system of linear 7 N

. g | Linear pmgrammmg\l

inequalities. * S n

A M p———
[;’plj Write the objective function, | Vertices ofthe ribbed region | 2 Ovjctive tanction |
4] Represent the system of linear inequalities graphically and determine the feasible region.

5 Determine the vertices of the feasible region.

Find the objective function at each vertex of the previous vertices to determine the
vertex where the required objective satisfied at it.

I Example| 2 )

A bakery produces two kinds of cake. The first kind of cake needs 200 gm. of flour and
25 gm. of butter and the second kind of cake needs 100 gm. of flour and 50 gm. of butter.

If the quantity of the given flour is 4 kg. and the given butter is l% kg. s

find the greatest possible number of cakes that can be made.

Vo PG N (s - oW olal ) palagll T3
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. Solution ,

« Let the number of cakes of the first kind be X
and the number of cakes of the second kind be y

" 1kind | 2% kind__Given quanity |

e Arrange the available data of (Flour | 200 | 100 4 000 ;
the pmblem . ‘\h Egttgr_: __2-5_ ] : 50 B 1 2‘50 ”:E

» Translate the data and the constraints in the form of a system of inequalities :

1 X220 7}’20
2 200 X + 100 y < 4 000 ie.] 2X+y<40
3 25X+50y<1250 ie.| x+2ys50

» Write the objective function : P= X +y » where P is maximum.

* Representing the system of linear inequalities graphically and determining

the feasible region :

1 The two inequalities : X=0andy 20

are represented by ; ‘:} i i ‘_ ! +4
0x U Oy U the first quadrant. | Lasf | . |

2 Draw the boundary line ‘\:} - Vi
L, :2X+y =40 (as a solid line) 7 B
that passes through the two points ! \ ™~ "
(0 »40) and (20 »0) . ) GG B LY : 1’\,.\

3 Draw the boundary line 2 : AL : "
L,: X+ 2y =50 (as asolid line) 1

that passes through the two points )

.. The solution set of the inequalities is represented by the shaded region in the opposite
graph and this is the ribbed region ABCO
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¢ Determine the vertices of the feasible region :

The vertices of the feasible region are : A (20 50) »B (10 520) s C (0 525) and O (0 » 0)

('Lesson Two

¢ Determine the value of the objective function at each vertex :

"' The objective functionis :P=X+y
[Pl5=0+0=0 > [P],=20+0=20

» [Pl;=10+20=30 5 [P],=0+25=25
. The greatest number of cakes is 30 ones » 10 of the first kind and 20 of the second kind.

N Exaiple 3 )

A factory produces 120 units at most of two different kinds of goods and achieves a profit
in each unit of the first kind L.E. 15 and of the second kind L.E. 8 in each unit and the sold
quantity of the second kind is not less than half the sold quantity of the first kind.

Find the number of produced units of each kind to satisfy the maximum profit.

. Solution -

* Let the number of produced units of the first kind be X and the number of produced units
of the second kind be y

1"kind 2"'kind The upper limit |

* Arrange the available data  The produced =~ o | 120 |
of the problem in the table : _ units — b
. The profit | 15 8 | — )

* Translate the data and the constraints in the form of a system of inequalities :

1 X20,y20 Q2 X+y<120
3 - yisnot less than%

LYz 4 X L Y- X20 & Ty-XB0

» Write the objective function : P=15 X + 8 y » where P is maximum.



|3 Unit

. Re_prescnting the system of linear inequalities graphically and determining
the feasible region :

1 The two inequalities :

X >0 ,y 20 are represented byﬁ @"'\E i e S -
= 5 . 1 ERE SR SRS
U Oy U the first quadrant. Tl T = AW J: LT
P . 7. M 0
2 Draw the boundary line :f: . O
L, : X+y= 120 (as a solid line) 1Y O
that passes through the two points 0 7 6 PN
(0 »120) and (120 5 0) T TSN e 1
ek ) 5 5 O O 1 )
: O B I, e
3 Draw the boundary line . | ¥ | I /_,/\ -
L,:2y—X=0 (as asolid line) - E b 7 e i
that passes through the two points /_/’ O O .\\&
0 »0)and (20 5 10 x‘_l .uTzJ M) '=:ijm:'nm-'i 10 | 1
O Demden 0 Eaniaicit iR eeian it atate)
. The solution set of the inequalities y

is represented by the shaded region
in the opposite graph and this is the
triangular region OAB
* Determine the vertices of the feasible region :
The vertices of the feasible region are : O (0 »0) 5 A (80 ,40) and B (0 » 120)

 Determine the value of the objective function at each vertex :

. The objective functionis : P=15X+8y
[Pl,=0+0=0 > [P], =15 x 80 + 8 x40 =1 520
9[P]B=15x0+8x 120 = 960

. The maximum profit that can be achieved is L.E. 1 520 that happens when
the production is 80 units of the first kind and 40 units of the second kind.

 Example| 4 008

The required is forming a meal consisting of two kinds of food  if the piece of the first
kind contains 3 calories » 6 units of vitamin "C" and the piece of the second kind contains
6 calories » 4 units of vitamin "C" Given that we need at least 36 calories and 48 units

of vitamin "C" in the meal. If the price of the piece of the first kind is 3 pounds and of

the second kind is 4 pounds > then what is the number of pieces of the meal that satisfies
the least limit with the least cost ?
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y Solution ;

» Let the number of pieces of the first kind in the meal be X and the number of pieces of

the second kind in the meal be y

e Arrange the data in a table :

| Pieces of the first kind | Pieces of the second kind | Least limit

e e e et il e

Calories 1 3 i 6
6 ! 4

{
|
i

36

ELEE S SRS e S S S R |

48

-

e Translate the data and the constraints in the form of a system of inequalities :

1 X20,y20
Q2 3X+6y=>36 le.| X+2y=212
3 6X+4y>48 le.| 3x+2y224

» Write the objective function : P=3 X+ 4 y s where P is minimum,

* Representing the system of linear inequalities graphically and determining

the feasible region :

1 The two inequalities : X >0 and y = 0 are \\y O T O O o O O T

represented by OX U Oy U the first quadrant. W

2 Draw the boundary line
L, i X+2y=12(as asolid line)
that passes through the two points (0 5 6)
and (12 ,0)

3 Draw the boundary line & - R
L,:3X+2y=24G@sasolidline) thatpasses | | T INT TN
through the two points (0 » 12) and (8 5 0) ¥ '

e Determine the vertices of the feasible region :

The vertices of the feasible region are : A(0 512) sB (6 s3) and C (12 50)

* Determine the value of the objective function at each vertex :

*.* The objective functionis : P=3X+4y
#[Ply=3x0+4x12=48 , [Pl,=3x6+4x3=30
s [Pl,=3x12+4x0=36

.. The least cost of the meal is 30 poﬁnds when it consists of 6 pieces of the first kind

and 3 pieces of the second kind.

¥
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P

I Example 5 3

A tourism company aims to rent a {leet of airplanes to transport 2800 passengers » 128 tons
of luggage at least and the available kinds of airplanes are A and B and the number of
available airplanes of kind (A) is 13 and of kind (B) is 12 and the completed load of the
airplane of kind (A) is 200 passengers s 8 tons of luggage and of kind (B) is 100 passengers »
6 tons of luggage » if the rent of airplane of kind (A) is 240 thousand pounds and of kind (B)
is 100 thousand pounds > then how many airplanes of each kind can be rented to satisfy
the aim with the least cost ?

. Solution 5

* Let the number of airplanes of kind A be X and the number of airplanes of kind B be y
* Arrange the available data of the problem in a table :

[ Kind(A) _Kind(B) | Least limit
Number of passengers | 200 100 2800
_ Luggageintons | 8 | 6 128

* Translate the data and the constraints in the form of a system of inequalities :

1 X<13,y<12

2 200 X+ 100 y > 2800 e 2x+y228
38X+6y>128 ie.| 4x+3y>64

» Write the objective function :
P =240 X + 100 y where P is minimum.
* Representing the system of linear

inequalities graphically and
determining the feasible region :

1 Draw the boundary line
L :X=13(as a solid line) that is parallel
to the y-axis and cuts the X-axis at the point (13 »0)

2 Draw the boundary line
L, :y = 12 (as a solid line) that is parallel
to the X-axis and cuts the y-axis at the point (0 5 12)




3 Draw the boundary line
L, :2 X+ y =28 (as a solid line) that passes through the two points (0 »28) and (14 » 0)

4 Draw the boundary line
L,:4X+3y=64 (as a solid line) that passes through the two points (1 »20) and (16 »0)

* Determine the vertices of the feasible region :

The vertices of the feasible region are : A (8 5 12) s B (13 512) 5C (13 s4)and D (10 5 8)

* Determine the value of the objective function at each vertex :

. The objective function is : P=240 X+ 100 y

" [P], =240 x 8 + 100 x 12 =3120 » [P]; =240 x 13 + 100 x 12 = 4320
»[P]. =240 x 13 + 100 x 4 = 3520 » [P], =240 x 10 + 100 x 8 = 3200

. The least cost that satisfies the aim is the rent of 8 airplanes of kind (A) »
12 airplanes of kind (B) » and the cost is 3120 thousand pounds.

[ TRY TO SOLVE

A factory produces two kinds of accessories A and B

To produce a piece of the kind A » the factory needs to run two machines » the first for
one hour and the second for 2 hours and half. To produce a piece of the kind B » the
factory needs running of the first machine for 4 hours and the second for 2 hours. If the
first machine does not work more than 8 hours and the second does not work more than
21 hours daily and the profit of the factory is L.E. 24 and L.E. 40 in each piece of the two

Kinds A and B respectively.

Find the maximum profit the factory can achieve in one day.

[Lesson Two




Trigonometry

Lesson Lesson Lesson Lesson Lesson

Lesson

Lesson

Unit Lessons

Trigonometric identities.

Solving trigonometric equations.

Solving the right-angled triangle.

Angles of elevation and angles of depression.

Circular sector.

Circular segment.

Areas.




Learning outcomes

By the end of this unit, the student should be able to :

* Deduce the basic relations among
trigonometric functions.

* Prove the validity of identities on
trigonometric functions.

* Determine the equality if it is identity or
trigonometric equation.

* Solve simple trigonometric equations in
the general form in the interval [0 , 2 x|

* Recognize the general solution for the
trigonometric equation.

* Solve the right-angled triangle.

« Solve applications that involve angles
of elevation and depression.

* Recognize the circular sector and how
to find its area.

* Recognize the circular segment and
how to find its area.

» Find the area of the triangle , the area
of the quadrilateral and the area of
the regular polygon.

* Use activities for computer programs.



Trigonometric identities

gdedu-

'\, Trigonometric identities and equations

h. The identity

» It is a true equality for all real values of the variable s in which each of the two sides of
the equality is known.
For example :
The equality : cos (— 0) = cos 0 is called identity because it is true for all real values of
the variable 6 because »

In the opposite figure :
From our previous study for the related angles 0

and (- 0) » we find that :
The point B (X »y") is the image of the point B (X »y)
by the reflection in the X—axis x

. |e_ ' X=X s cos(—0)=X 5 cos =X
.. ¢os (= 8) = cos 0 for all real values of 6

| Remark
The trigonometric relations between the trigonometric functions of the related angles

which we studied before are identities because all real values of the variable satisfy them.

| For example :

| sin (T—0)=sin6 » COS(STIC—B):—FJI‘IB,...
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h The equation

» It is a true equality for some real values of the variable which satisfy this equality and
it is not true for some others which do not satisfy it.
For example :
The equality : cos 6 = sin 0 is called equation because it is true for some real values of the
variable O s not for all real values of the variable 0 and this because :

From the opposite figure :
From our previous study » we found that :
cos0=Xssin0=y

. cos 6 =sin B » when X =y only and

this happens when 0 = 45° or 225°

or any of the equivalent angles for them.
— -l

Remark
We can determine if the relation represents an identity or an equation and this by the
graphical representation to the limits of the two determined functions, if the two functions

are intersecting at all points (coincide)» then the relation represents an identity and if the
two functions are intersecting at some points only s then the relation represents an equation. J

For example :

* In the opposite figure :

Fin Edd View Opbors Tock Yiadne Heg

The two functions LYEAN PO IEI Ul | ol
f, i f, (6) = cos (- 0) » e

f,:f, (@) =cos B / \\_k /,\ / \ /
are intersecting at all \'/ 3 \\, / \/ J "’\’\""//‘

points (coincide) |

» then the equality : e
cos (— 0) =cos 0 is called identity.

* In the opposite figure :
The two functions

i, 1L (@) =cos X 3 il ey | _

]. l /J‘ J"‘\\ R e |

: e Pk L K LU

fZ 3 fz (8) = Sin 9 \\ _,‘,/,’ :‘:f \.,‘ %}\ /‘/)} ; \: \ ?1//-;_/ \ \\, // .

are intersecting at some \\X/ & il \/ N ’

g i \\L><\/ : \<,/ \B\/ !

points. |

s then the equality : e

cos @ = sin B is called equation.

| Lesson One




)\ Basic trigonometric identities

| € Unit

We studicd before the following trigonometric identities :
n The identity of the trigonometric functions and their reciprocal :

'cosﬂ=$ s sccﬁzcose
: 1 1
‘Slne—m L] CSCB—Sine
[ ] e 1 — l
tanE)-cote . cotﬁ_tane

ﬂ The expressing of tan 8 and cot 8 in terms of sin 6 and cos 6 :

sin 6 . _cos®
cos 0 oot 8 = sin B

_ The identity of the trigonometric functions of ftwo complementary angles :

*tan O =

* gin (%—9):0059 s *COS (%—9):5&119

'tan(%— )=cot9 ’ 'csc(%- ):secB

'sec(%— )=cscﬁ . 'cot(—ﬂg——ﬁ)ztane

n The identity of the tfrigonometric functions of the two angles (6 and (- 0)) :

*sin(—0)=-sin6 s *cos(—0)=cosB
*csc(=0)=—csc® » °*sec(—0)=secH

*tan (- 0)=—tan O s *cot(—6@)=-cotB

Bl Pythagorian identity :

For any directed angle of measure 0 in the standard position »
if its terminal side cuts the unit circle at the point (X s y) » then :

x2+y2=]
't cosB@=XssinB=y

cos? 0 +sin’9=1 (1)

* Dividing both sides of the relation (1) by cos” 0 » we find that :

2 "
cos” 0 sin”~ 6 1 ]

VR S 1+tan*@=sec’ 0
cos™ 0 cos” O cos” 0

» Dividing both sides of the relation (1) by sin” 0 5 we find that :

9 - 2
n‘\:vf)S2 5] e SfUQ 8 =— 12 cot2 0+1= CSCZ 0
sin“ 9 sin” @ sin” 0
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1) From :sin@+cos’0=1sweget: [sin?0=1-cos> 6 and  cos’ 0 =1-sin? 0

(2] From : 1 +tan® @ = sec’ 0 » we get : lta_nz_ﬂ =sec? - 1 and lf__S_':c2 - t_an2 6= 1 J

. [3]From :cot” 8+ 1=csc’ 0 ,weget: cot’ §=csc’ 0 —_1 and |csc> @ —cot’ 6 =1 |

e CINCKTow Inauonang

| Choose the correct answer : sin” § + cos” 6 # ...

| @tanBcot® (b)sin?28+c0s?28  (c)cot’@—csc?®  (d) sec? O—tan’ O

k Simplifying the trigonometric expressions

We mean by simplifying the trigonometric expression is to put it in the simplest form »

by using the basic trigonometric identities.

X Example| 1 1

Write each of the following expressions in the simplest form :

1 sin® B . ¥
1 —__ . 2 sin(=~—-0)cscH
cos’®  cos’ 0 (2 )
1+cot2(3-;£—9)
3 (sin 6 + cos 0)> — 2 sin O cos O 4 a0
1 + tan (T+9)
+ Solution ;
2 Not
1 12 - sm29 =sec’ O —tan’ 0= | ice that ~
cos*® cos @ - _( 1 )z—seczﬁ
cos?@ ‘cos®/ ©
it LI Ve e = 080 _ .5 o Al
2 :«m(2 B)Lsce_cosecbce-sinﬂ =cot O . sin’® =(sm8) T
cos’ 0 cos 6

3 (sin 0+ cos ) 2 sin  cos 6 = sin ’6 + 2 5in-BC0s B + cos” O — 2 sinBcos O

= 2
=sin°0+cos” 0 =1

‘mwth‘t .-._\‘-__‘,ﬂ
(a+b)2=az+2ab+b2
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1 +cot” (—zﬁ— )

4 _1+tan’® _ sec’ Notice that S
2 e 2
{ bt (32512 9) l+cot™®@ c¢sc” 0 seczﬂz 1.1
sin® 0 4 cse’®  cos’@  sin’@
= T tan“ 6 1 oD
cos” 0 T 0
cos” 0
: 3
- 911129 =tan® 0
cos” 6
( TRY TO SOLVE
Put in the simplest form each of the following expressions :
1 1 . 19 1 —sin* @
1 - Q sin|—= —0)sec (27 -0) 33—
sin@ tan’ @ ( 2 ) cos® 06— 1

[\, Trigonometric identities

To prove the validity of the trigonometric identity , we follow one of the two methods :

1 Put one of the two sides of the identity in the form of the other side using the basic
trigonometric identities.

Q Put the two sides of the trigonometric identity in the simplest form » to prove that the
two sides have the same result when they are in the simplest form.

W Example | 21

Prove the validity of the identity : sin® 6 —cos* =2 sin’> 6 — 1

 Solution ;

LHS.=sin’0—cos?0=sin> 0 — (1 —sin? ) Notice that <
=sin?0—1+sin’ 0
=2sin’8-1=RHS.

W Examplo]3 )

Prove the validity of the identity : sin® 6 - cos*0=1-2cos’ 6

cos?0=1-sin’0

1 Solution ;

LHS.=sin*0—-cos* 0= (sin2 0 + cos? 0) (sin2 0 — cos? 0) Notice that: S

_ i 2n 2
=1 x (sin” B —cos” 0) esin@+cos2B=1

=1-cos’0—cos’ 0
=1-2cos’0

esin”@=1-cos’ 0
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I Example 4}

sin® 8
l—cos@

Prove the validity of the identity : =1+cos®

: SOIution’ r

(1 +cos 8) (1 —cos 6)

=1+cos8=R.H.S.

LHS. = sin” @ =1—c0529_
"7 1-cos® l-cos® T

[ TRY TO SOLVE

Prove the validity of the following identilies :

cos’ 0
1 +sin@

B Example 5 §

Prove the validity of the identity : tan 8 + cot 8 = csc 0 sec 0

—— Solution

=1-sin® 9 (sin 8 + cos 8)% + (sin O — cos 8)2=2

in 6 s6
LHS. =tan 0 +cot 6 = % + % Notice that -
59 2
= .un. i To make the proof easy s we write the
smle Comnt expression in terms of sin @ and cos 6
== — only s using the following relations :
G eon sin O cos 0
=csc OsecH 'tane=cose ’Wtezsine

*secO= A sCsc O =

=RHS. cos B sin 6

I Example| 6 )

2
Prove the validity of the identity : 2 cos? 06— 1= 1_:@2—9
l+tan” 6
- Sdu*bl‘l/
_sin’® | _sin’®
2 2 2 22 :
R.H.S.:l—_&zez cos” 0 — LB =(1—Sm e)X(:{)SEB
1 +tan” 9 Scc2 0 1 cos” B
cos’ @

=c0329—sin29=w529—(1—cosze):coszﬁ—1+c0329

=2cos’®—-1=LHS.
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I Example|7)

— Prove the validity of the identity : sec” 0 — tan® 0 sin? 6 = cos® 0 + 2 sin” 0

D Unit

- . Solution
2 Figs 5 1 sin®@ _ .2 1 sin* @
LHS.=sec*6—-tan“0sin“ 0 = G X §in“ 0 = T
cos 0  cos’ @ cos 0 cos’ O
. 4n  (L=sin” 0) (1 +sin’ 0)
=I“S‘2“9= =1 +sin?0 1)
cos” 9 1—sifi 0
RHS.=cos?0+2sin?0=1-sin>0+2sin>0=1+sin’0 (2)
From (1) and (2) s we get that : LH.S.=R.H.S.
[ TRY TO SOLVE
- _— ; 1-cot®® g,
Prove the validity of the following identity : el =28in“0-1
+ COt

I Examplc |8}

If sin O + sin (270° - 0) = % » find the value of : sin 8 cos 8 » where 8 €0 » %[

—— Solution ,———

" sin O + sin (2‘?0°-G)=-£— . sin 6 = cos B:% (squaring both sides)
sinzﬂ—zsinecose+cosze=-i— .'.1—-25in90059=-i-

i e By SR o i i

S.—25n0cos 0= 1 ..schosB-g



Solving trigonometric equations

* Solving trigonometric equation means finding the values of the variable in the equation

which satisfy this equation using the trigonometric identities.

1\, General solution of the trigonometric equation

To find the general solution of the trigonometric equation in the form :

cos@=a » sinB=a or tan@=a > follow the following steps :

1 Let B be the measure of the acute angle which satisfies the equation :

cos@=lal] » sin@=|al] » tanO=]|al

2 Determine the quadrant in which the angle lies according

to the sign of a "Look to the opposite figure” - ——
80
. . !
3 Find the values of the angle © where : i ‘
sin, ¢sc e
* I 0 lies in the first quadrant » then 6 = | ='::¢Hl::;sig‘~;° ’::.Lr;;;t::::
* If O lies in the second quadrant » then 6 = 180° — 3 o
l -
* I O lies in the third quadrant s then 6 = 180° + [ i (180 B) (36-p=-P)
* If 6 lies in the fourth quadrant s then 8 = 360° — B i v
: are positive are posttive
4 We add a number of periods (2 n JT) where n €% to 1 ' 1

the values of 0 to get the general solution of

the trigonometric equation.
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[ Remark

€D Unit

= >[—]scos€l£l and[—]ssines] for all real values of 6

So » we find that the two equations : sin 0 = a » cos 0 = a don’t have solution in &
sifa@[-1 5 1]
| For example :

Each of the equations : sin@ =13 5c080=25,sin0=—14
ssec 8 =0.5 and csc 8 =—0.7 doesn’t have real solutions.

i.e. L It is not necessary that there real solutions for every trigonometric equations.

W Example] 1%

Find the general solution of each of the following equations :
1 cosB=% QZsinB—ﬁ:O 3Y3an6-1=0

- ———— Sc:-luiion'_,

1 cos 8= % (positive)
. 0 lies in the first quadrant S B=60P
or 0 lics in the fourth quadrant.
- 8 =360° — 60° = 300° and it is equivalent to (— 60°)
Adding (2 n JT) where n € 7 to the valucs of 0 :
8:-2—[-+2n3'l: or 9=——:g:—+2n313

.. The general solution of the equation is : -23 +2n7T s wheren €Z

2 sinb= v_f- (positive)
.. 0 lies in the first quadrant & B=45°
or 6 lies in the second quadrant
s 0=180°-45°=135°
Adding (2 n JT) where n & Z to the values of 0 :

4

~8=T4207 or 0=3T+2nm
.". The general solution of the equation is:6=%+2nnor8=%u+2nn »where n € Z
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3 tanf= % (positive)
3

.. 8 lies in the first quadrant 5 0=30°
or O lies in the third quadrant % 89= 180° +30° =210°

Adding (2 n Jv) where n & Z to the values of 6 :

- JU o
HF+2nJ'lZ orf= 6Jl:+2n.’rl:

.. The general solution of the equation is : B:%+ 2nTtor 6= % TT+2nJl swheren E7Z
and we can write the general solution of the equation in another more simple form as the
following :
The general solution of the equation is : 6 = % + n JT where n €Z
and this by adding n JU to the smallest positive measure.

Remark

From the previous s we can deduce that :

If B is the smallest positive measure satisfies the equation s n &7 » then :

(1) The general solution of the equationsin @ =ais®=Bf+27Tn » 6=(T-P)+27Tn
and that could be writtenas : 6 =(=1)"x 3 + 7T n

(2] The general solution of the equationcos @ =ais@=+p+27Tn
L (3] The general solution of the equation tan @ = ais @ =B+ TTn

I Example 2}

Find the general solution of each of the following equations :

1 sin6=0 Q cos8=0
3 sinf=1 4 cosf=-1

 Solution -
1 sin®=0 o

S 8=0% or B=180° " /\
180 - : -0
Adding (2 T n) where n €7 to the values of 6 (-1 .n}!J{ ks
0.-D)

.. The general solution of the equation is :

=2 n or =JT+2 7 n where n EZ 270
and we can write the general solution of the equation in another more simple form as the
following :

The general solution of the equation is : 6 = JU n where n &Z
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1€ Unit

“"'.nomarl':

2 cosB8=0 L 8=90° or B=270°

Adding (2 JT n) where n &7 to the values of 6

.. The general solutionis: 9 = % +27Tn

orf= %J‘Iﬁ+2.ﬂinwherenEZ
and we can write the general solution of the equation in another more simple form as the
following :

The general solution is : 6 = % + Tt n where n €Z

3 sinf=1 s 8=90°

.. The general solution is : 0 = 2;_ +2 Tnwhere n 7%

4 cosB=-1 L 8=180°

.. The general solution is : © = JU + 2 7 n where n €7

From the previous » we can deduce the general solution of the trigonometric equations
of the quadrantal angles :

The equation The general solution The equation The general solution
esin @ =0 B=7Tn ecos 0=0 B':%H'I:n
esinB=1 B=—:‘g +27Tn ecos =1 0=27n
eSiN6=-1 =_3.:.§‘5.+2;r|;n eCO8SO=—1 0=r+27n

L Example[3 )

Find the general solution of each of the following equations :

1 cotB+1=0 2 cos’B-cosB=0
. Saluﬂona r——— Notice that e
3 The measure of the acute
1 cotO=-1 . tan B = — 1 (negative)

angle which satisfies that :
.. O lies in the second quadrant. .. 6 = 180° —45° = 135° tan 0 =|— 1 | is 45°

or 0 lies in the fourth quadrant. .. 6 = 360° —45° = 315°
Adding (n T) where n € Z to the smallest positive measure which satisfies the equation "135°"

-. The general solution is : % T+nTl
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2 cosB(cos®-1)=0
Heos0=0
“. 8=90° or 8 =270° and it is equivalent to (- 90°)
Adding (2 n JT) where n € Z to the values of 0 :

£ B=%90°+2n 7T %
orcos 0 =1 ~0=0 (cos 90 , sin 90)
. 0,1
Adding (2 n 1) where n €7 : — / h\(m sn)
) 180 - 0
5 0=2n7 (cmlmisi)@J“sm
.. The general solutionis: 0=+ 4 2 n 7y Mg, o
2 (cos 270 , sin|270)
or6=2nJr ©,-)
270
( TRY TO SOLVE

" Remark

Use the unit circle to determine |

the values of 6 when ;

cosB=0scos6=1

o

Find the general solution of each of the following equations :

1 2s5in0-1=0 2 2cos0+Y3=0

- Example 4 ),

Find the general solution of the equation : sin 0 cos 6 = —21— sin 0

e
'.'sinﬂcosﬂ-%sine=0 sinO(cosB— )=0
ssinB=0 s 0=0° or 6 = 180°
5 8 =n T where n EZ
or cos 6 — é— =0 S.cosB= %(pc)sitive)
. 8 lies in the first quadrant. & 0=60°
or 0 lies in the fourth quadrant. - 8 =360° —60° = 300° and it is equivalent to (— 60°)

Bzi—J;m+2nJ‘EwheranZ

.. The general solutionis: 8 =niTorf == % + 2 n Jt where n €Z

[ TRY TO SOLVE

Find the general solution of the equation : 2 sin 8 cos 6 —ﬁ sinf=0 W

3tan8—ﬁ=0 1

| Lesson Two
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| & Unit

[\, Solving the trigonometric equation in the interval [0 -2 7T [

I Example 5 2

If6 [0 »360° [ Find the solution set of each of the following equations :
12cos0+1=0 Qﬁsec@—ZzO

,_‘_solution

1 +2co80+1=0 . cos@= —%— (negative)
. 0 lies in the second quadrant or in the third quadrant.
s *. the acute angle of cosine = —é— s its measure is 60°
5 0=180°-60°=120° or ©=180°+ 60°=240°
~. The S.S. = {120° , 240°}

.osec O =%

2 ~Y2sec0-2=0
- cos 0= _22_ (positive)
. 0 lies in the first quadrant or in the fourth quadrant.
» *. the acute angle of cosine = % 5 its measure is 45°

s 0=45° or0=360°-45°=315°
. The $.S. = {45° ,315°}

Example 6 ),

Find the solution set of the equation : 4 cos* -3 =0 » where 8 €[0 »360° [

v \Sdutlan 5
»4cost0-3=0 s dcost0=3 cosze=%
s o8 B=+ if_ Sconb= _\,2_5_ (positive)

~. 0 lies in the first quadrant or in the fourth quadrant.

» - the acute angle of cosine = ﬁ » its measure is 30°
2

5 0=30° or 8=360°-30° =330°

or cos 8 = _Tq (negative)

.. 0 lies in the second quadrant or in the third quadrant.
» 8=180°-30°=150° or©=180°+30°=210°
- The S.S.={30° , 150° 5 210° , 330°}
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[ TRY TO SOLVE

Find the solution set of each of the following equations where 8 E[0 , 2 7T [
192csc0-2=0 2 tan0=1

X _Example| 7 ),

Find the solution set of the equation : 2sin 8 cos8+3 cos =0 >where 8 E[0 , 7T [

‘\%Sotutiot/

v 2sinBcosO@+3cosB=0

S cos0(2sin9+3)=0

& co80=0

0= }';_ or Q= 3TJ":(rcﬁlsed because 8 €[0 » 7t|)
or2sin@+3=0

Po8in 0= ? (this equation has no solution because — 1 <sin 9 < 1)

7 The 8.8, = {%}

X Example 8 ),

Find the solution set of the equation : 4 sin® 6 — 3 sin 8 cos 8 = 0 » where 0 E[(} »360° [

.Socutya_n_/
"+ 4sin”0—3sinOcosO=0 ~.8sinB(4sinB—-3cos0)=0
Sosin@=0 S8 =0" ot 8= 180
ordsin®—-3cos8=0 s 4sin6=3cos O
ging _ 3 : - "
3 s tan O = a1 (positive)

0 lies in the first quadrant or in the third quadrant.

» *.* the acute angle of tangent = % » its measure is 36° 52

. 8=36°52 or 8=180°+36°52 =216°52

5 The 8:8.= {0° »36° 52 5 180° 5 216° 52}
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€ Unit

([ TRY TO SOLVE

If 0° < 8 < 360° Find the solution set of the equation : 2sin8cos 8=3 cos” 0

CID,

Find the solution set of the equation : 2 sin® @ — cos 6 — 1 =0 y where 8 €[0 > 360° [

= : s:plutior_\ v

- sin’@=1-cos* 0

5 2(1-cos’@)—cos0—1=0
52-2cos’0-cos0—1=0
. 1-cos®-2cos’6=0

L (l+cosB)(1-2cos0)=0
“1+cos0=0

s cos 0=—1

. 0=180°

orl-2cos=0

- cos = % (positive)

. O lies in the first quadrant or in the fourth quadrant.

» *.* the acute angle of cosine = % » ils measure is 60°

5 8=60° or 6=360°-60°=7300°
. The $.S. = {60° 5 180° 5300° }

1\ Using the technology

From example (1) s we found that :

The general solution of the equation : cos 6 = % is0== % +2nJ0 swheren €EZ

We can verify the solution by drawing the two function :

fi:f,©@)=cos® sf,:f, (@)= %

by using one of the drawing programs and determining the corresponding values of 8 for
the intersection points of the two functions and compare them with the values of 9 in the

generalsolutionatn:... s—28—1350a1 525 ...
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